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—— Abstract

The Wiener index of a network, introduced by the chemist Harry Wiener [31], is the sum of
distances between all pairs of nodes in the network. This index, originally used in chemical graph
representations of the non-hydrogen atoms of a molecule, is considered to be a fundamental and
useful network descriptor. We study the problem of constructing geometric networks on point sets
in Euclidean space that minimize the Wiener index: given a set P of n points in R?, the goal is
to construct a network, spanning P and satisfying certain constraints, that minimizes the Wiener
index among the allowable class of spanning networks.

In this work, we focus mainly on spanning networks that are trees and we focus on problems in
the plane (d = 2). We show that any spanning tree that minimizes the Wiener index has non-crossing
edges in the plane. Then, we use this fact to devise an O(n*)-time algorithm that constructs a
spanning tree of minimum Wiener index for points in convex position. We also prove that the
problem of computing a spanning tree on P whose Wiener index is at most W, while having total
(Euclidean) weight at most B, is NP-hard.

Computing a tree that minimizes the Wiener index has been studied in the area of communication
networks, where it is known as the minimum routing cost spanning tree problem.
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1 Introduction

The Wiener index of a weighted graph G = (V, E) is the sum, >, v dc(u,v), of the
shortest path lengths in the graph between every pair of vertices, where d¢g(u,v) is the
weight of the shortest (minimum-weight) path between u and v in G. The Wiener index
was introduced by the chemist Harry Wiener in 1947 [31]. The Wiener index and its several
variations have found applications in chemistry, e.g., in predicting the antibacterial activity of
drugs and modeling crystalline phenomena. It has also been used to give insight into various
chemical and physical properties of molecules [29] and to correlate the structure of molecules
with their biological activity [20]. The Wiener index has become part of the general scientific
culture, and it is still the subject of intensive research [2, 10, 12, 34]. In its applications
in chemistry, the Wiener index is most often studied in the context of unweighted graphs.
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Geometric Spanning Trees Minimizing the Wiener Index

The study of minimizing the sum of interpoint distances also arises naturally in the network
design field, where the problem of computing a spanning tree of minimum Wiener index is
known as the Minimum Routing Cost Spanning Tree (MRCST) problem [18, 15].

Given an undirected graph G = (V, E) and a (nonnegative) weight function on the
edges of G, representing the delay on each edge, the routing cost ¢(T") of a spanning tree
T of G is the sum of the weights (delays) of the paths in T between every pair of vertices:
o(T) =3, vey 07 (u,v), where 67 (u,v) is the weight of the (unique) path between u and v
in T. The MRCST problem aims to find a minimum routing cost spanning tree of a given
weighted undirected graph G, thereby seeking to minimize the expected cost of a path within
the tree between two randomly chosen vertices. The MRCST was originally introduced by
Hu [18] and is known to be NP-complete in graphs, even if all edge weights are 1 [19]. Wu et
al. [33] presented a polynomial time approximation scheme (PTAS) for the MRCST problem.

Specifically, they showed that the best k-star (a tree with at most k internal vertices) yields
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running time O (n2 r21 _2) .

)-approximation for the problem, resulting in a (1 4 €)-approximation algorithm of

While there is an abundance of research related to the Wiener index, e.g., computing and
bounding the Wiener indexes of specific graphs or classes of graphs [16, 17, 25] and explicit
formulas for the Wiener index for special classes of graphs [3, 23, 27, 31, 30], to the best of
our knowledge, the Wiener index has not received much attention in geometric settings. In
this work, we study the Wiener index and the minimum routing cost spanning tree problem
in selected geometric settings, hoping to bring this important and highly applicable index to
the attention of computational geometry researchers.

1.1 Our contributions and overview

Let P be a set of n points in the plane. We study the problem of computing a spanning
tree of P that minimizes the Wiener index when the underlying graph is the complete graph
over P, with edge weights given by their Euclidean lengths. In Section 2, we prove that
the optimal tree (that minimizes the Wiener index) is non-crossing (i.e., has no crossing
edges). As our main algorithmic result, in Section 3, we give a polynomial-time algorithm to
solve the problem when the points of P are in convex position; this result strongly utilizes
the structural result that the edges of an optimal tree do not cross, which enables us to
devise a dynamic programming algorithm. Then, in Section 4, we prove that the “Euclidean
Wiener Index Tree Problem”, in which we seek a spanning tree on P whose Wiener index is
at most W, while having total (Euclidean) weight at most B, is (weakly) NP-hard. Finally,
in Section 5, we discuss the problem of finding a minimum Wiener index path spanning P.

1.2 Related work

A problem related to ours is the minimum latency problem, also known as the traveling
repairman problem TRP: Compute a path, starting at point s, that visits all points, while
minimizing the sum of the distances (the “latencies”) along the path from s to every other
point (versus between all pairs of points, as in the Wiener index). There is a PTAS for
TRP (and the k-TRP, with k repairmen) in the Euclidean plane and in weighted planar
graphs [28].

Wiener index optimization also arises in the context of computing a noncontracting
embedding of one metric space into another (e.g., a line metric or a tree metric) in order
to minimize the average distortion of the embedding (defined to be the sum of all pairs
distances in the new space, divided by the sum of all pairs distances in the original space). It
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is NP-hard to minimize average distortion when embedding a tree metric into a line metric;
there is a constant-factor approximation (based on the k-TRP) for minimizing the average
distortion in embedding a metric onto a line (i.e., finding a Hamiltonian path of minimum
Wiener index) [11], which, using [28], gives a (2 + ¢)-approximation in the Euclidean plane.

A related problem that has recently been examined in a geometric setting is the compu-
tation of the Beer index of a polygon P, defined to be the probability that two randomly
(uniformly) distributed points in P are visible to each other [1]; the same paper also studies
the problem of computing the expected distance between two random points in a polygon,
which is, like the Wiener index, based on computing the sum of distances (evaluated as an
integral in the continuum) between all pairs of points.

Another area of research that is related to the Wiener index is that of spanners: Given
a weighted graph G and a real number ¢ > 1, a t-spanner of G is a spanning sub-graph
G* of G, such that dg«(u,v) < t-dg(u,v), for every two vertices u and v in G. Thus, the
shortest path distances in G* approximate the shortest path distances in the underlying
graph G, and the parameter ¢ represents the approximation ratio. The smallest ¢ for which
G* is a t-spanner of G is known as the stretch factor. There is a vast literature on spanners,
especially in geometry (see, e.g., [4, 5, 6, 7, 8, 13, 22, 24, 26]). In a geometric graph, G, the
stretch factor between two vertices, u and v, is the ratio between the length of the shortest
path from u to v in G and the Euclidean distance between u and v. The average stretch
factor of G is the average stretch factor taken over all pairs of vertices in G. For a given
weighted connected graph G = (V, E) with positive edge weights and a positive value W,
the average stretch factor spanning tree problem seeks a spanning tree T of G such that
the average stretch factor (over (Z) pairs of vertices) is bounded by W. For points in the
FEuclidean plane, one can construct in polynomial time a spanning tree with constant average
stretch factor [9].

2 Preliminaries

Let P be a set of n points in the plane and let G = (P, E) be the complete graph over P. For
each edge (p,q) € E, let w(p,q) = |pq| denote the weight of (p, q), given by the Euclidean
distance, |pq|, between p and ¢. Let T be a spanning tree of P. For points p, ¢ € P, let 07 (p, q)
denote the weight of the (unique) path between p and ¢ in 7. Let W(T') = Zp,qu or(p, q)
denote the Wiener index of T, given by the sum of the weights of the paths in T' between
every pair of points. For a point p € P, let 0,(T) = qup o7 (p, q) denote the total weight of
the paths in 7" from p to every point of P. A spanning tree of P is called non-crossing if no
two of its edges cross each other.

» Theorem 1. Let T be a spanning tree of P that minimizes the Wiener index W (T). Then,
T is non-crossing.

Proof. Assume towards a contradiction that there are two edges (a,c) and (b,d) in T that
cross each other. Let F' be the forest obtained by removing the edges (a,c) and (b, d) from
T. Thus, F' contains three sub-trees. Assume, without loss of generality, that a and b are in
the same sub-tree Ty, and ¢ and d are in separated sub-trees T, and T}, respectively; see

2:3

CGT



2:4 Geometric Spanning Trees Minimizing the Wiener Index

Figure 1. Let ngp, ne, and ng be the number of points in T,p, T, and Ty, respectively. Thus,

W(T) = W(Tap) + ne - 6a(Tap) + na - 06(Tap)
+ W(T.) + (nap + na) - 6c(Te) + ne(nay + nq) - |ac|
+ W(Ty) + (nap + ne) - 6a(Ty) + na(nas + ne) - |bd|
+ ne - ng - or(a,b).

TaAb

Td Tc Tc

Figure 1 The trees T, T', and T" (from left to right).

Let T” be the spanning tree of P obtained from T by replacing the edge (b,d) by the
edge (a,d). Similarly, let T7” be the spanning tree of P obtained from T by replacing the
edge (a,c) by the edge (b, c). Thus,

W(T/) = W(Tab) + (nc + nd) : 6a(Tab)

+ W(T.) 4+ (nap + na) - 6c(Te) + ne(nap + na) - |ac|
+ W (Ta) + (nap + ne) - 0a(Ta) + na(na + ne) - lad|,
and

W(T") = W(Tap) + (e + na) - 66(Tap)
W(Tc) + (nab + nd) : 6C(TC) + nc(’l’bab + nd) . |bC|
W(Td) + (nab + nc) . 5d(Td) + Tld(nab + nc) . |bd| .

+ +

Therefore,

W(T) — W(T/) = Ng (5b(Tab) — 5a(Tab)) =+ nd(nab 4+ np)(|bd| — |ad|) + Ne - Ng - 5'1"(0,7 b) s
and

wW(T) - W(T") =n, (5a(Tab) — 5b(Tab)) + ne(ngy + nd)(|ac| - |bc|) +ne-ng - or(a,b).

EW(T)—W(T") >0o0r W(T)—W(T") > 0, then this contradicts the minimality of T', and
we are done.

Assume that W(T) — W(T') <0 and W(T) — W(T") < 0. Since n. > 0 and ng > 0, we
have

66 (Tap) — 0a(Tap) + (nap + 1) (|bd] — |ad|) + ne - 67(a,b) <0,
and

6a(Tab) — 5b(Tab) + (Tlab + nd)(|ac| — |bC|) + ng - §T(a, b) <0.
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Thus, by summing these inequalities, we have
(nay + ne) (|bd] = |ad]) + (nap + na) (lac] — |be|) + (ne + nq) - dr(a,b) < 0.
That is,
nap (|bd| + |ac| — |ad| — |be]) + ne(|bd| + 67 (a,b) — |ad|) + na(|ac| + é7(a,b) — [be|) < 0.
Since ngp, Ne, ng > 0, and, by the triangle inequality, |bd| + |ac| — |ad| — |bc| > 0, |bd| +
dr(a,b) — |ad| > 0, and |ac| + ér(a,b) — |bc| > 0, this is a contradiction. <
3 An exact algorithm for points in convex position

Let P = {p1,p2,...,pn} be a set of n points in convex position in the plane, ordered in
clockwise-order with an arbitrary first point p1; see Figure 2. For simplicity of presentation,
we assume that all indices are taken modulo n. For each 1 < ¢ < j < n, let P[i,j] C P be
the set {p;, pit1,...,p;}. Let T; ; be a spanning tree of P[i,j], and let W (T; ;) denote its
Wiener index. For a point = € {i,5}, let 0,(T; ;) be the total weight of the paths from p, to
every point of P[i, j] in T; ;. That is §,(T; ;) = Zpep[i’j] o1, ; (Pey D)

Pn P
Pn-1 Tl,i

Figure 2 The convex polygon that is obtained from P. p; is connected to p; in 7.

Let T be a minimum Wiener index spanning tree of P and let W* be its Wiener index,
ie., W* = W(T). Notice that, for any 1 < i < j < n, the points in P[i,j] are in convex
position, since the points in P are in convex position. Since T is a spanning tree, each point,
particularly p;, is adjacent to at least one edge in T'. Let p; be the point with maximum
index j that is connected to p; in T. Moreover, by Theorem 1, T' is non-crossing. Thus,
there exists an index 4, with 1 < ¢ < j, such that all of the points in P[1,4] are closer to p;
than to p; in T', and all of the points in P[i + 1, j] are closer to p; than to p; in 7. Let T ,,
Tit1,5, and Tj , be the sub-trees of T' containing the points in P[1,i], P[i + 1, j], and P[j, n],
respectively; see Figure 2. Hence,

W*=W(T1;)+ (n—1)-01(T1,)
+W(Tiy1,) +(n—j+1) 0;(Tiv15)
+W(Tjn) + (= 1) 0;(Tjn)
+i(n —1) - [p1pj]-
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For 1 <i < j <mn,let W;[i,j] = W(T;;)+ (n—j+i—1)-6;(T;,;) be the minimum
value obtained by a spanning tree T} ; of P[i,j] rooted at p;. Similarly, let W;[i, j] =
W(T; ;) + (n—j+1i—1)-06;(T;;) be the minimum value obtained by a spanning tree T; ; of
Pli, j] rooted at p;. Thus, we can write W* as

W* = Wl[l,n] = Wl[l,i] +WJ[Z+ 1,j] +Wj[j,n] —|—z(n—z) . |p1pj|.

Therefore, in order to compute W*, we compute W11, 1], W;[i + 1, 5], W;[j,n], and i(n —3) -
|p1p;| for each j between 2 and n and for each i between 1 and j, and take the minimum
over the sum of these values. In general, for every 1 < i < j < n, we compute W;[i, j] and
Wi, j] recursively using the following formulas; see also Figure 3.

Wilind) = min {Wilii k] + Walk, 1)+ Wyl 4 1,3] 4 (=i + Do — 1+ = 1) - pipy |}
k<l<j

and

Wili, j] = ig}cigj {Wili, (] + W[l + 1, k] + W[k, 5]+ (G — D(n—j +1) - |pipk} -
i<i<k

Figure 3 A sub-problem defined by P[i, j]. (a) Computing W;[i, j]. (b) Computing W;[s, j].

We compute Wi, j] and W;[i, j], for each 1 <1 < j < n, using dynamic programming as
follows. We maintain two tables ﬁ and ]\7 each of size n x n, such that ﬁ [¢, 7] = W;li, 7]
and ]\7 [i, 7] = W;[i, 4], for each 1 < i < j < n. We fill in the tables using Algorithm 1.

Notice that when we fill in the cell A7 [i, 7], all of the cells M [i, k], M [k, 1], and M [I+1, 4],
for each ¢ < k < j and for each k <[ < j, are already computed, and when we fill in the cell
M [, 7], all of the cells M [i,1], M [l +1,k], and M [k, ], for each ¢ < k < j and for each
i <1 < k, are already computed. Thus, each cell in the table is computed in O(n?) time,
and the whole table is computed in O(n*) time. Therefore, W* = W[1,n] :]\7 [1,n] can be
computed in O(n?) time.

The following theorem summarizes the result of this section.

» Theorem 2. Let P be a set of n points in convex position. Then, a spanning tree of P of
minimum Wiener index can be computed in O(n*) time.
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Algorithm 1 ComputeOptimal(P)

1: n%|P|
2: forﬁeachﬂ—ltondo
M [i,i] 0
Pl
M [i,i] <0
3: for each i < n to 1 do
for each j <— i ton do
-

H . . . 4) . *) . . .
M [i,j] min { M [i,k]+ M [k, 1)+ M [l—i—l,]]—i—(l—z—l—l)(n—l—i—z—1)-|pkpj\}
(S J

A . . kgl.<] A . — A . . .
i<i<k

.
4: return M [1,n]

4 Hardness proof

Let P be a set of points in the plane and let T" be a spanning tree of P. Recall that
W(T) =3_, jep 07(p, q) denotes the Wiener index of T', where dr(p, ) is the length of the
path between p and ¢ in T. We define the weight of T to be wt(T) = Z(p’q)eT |pg|, where
Ipg| is the Euclidean distance between p and ¢. For an edge (p,q) in T, let Nr(p,q) = |{z €
P :o7(p,x) < d7(q,z)}| be the number of points in T that are closer to p than to q. Then,
Nr(q,p) is the number of points in P that are closer to ¢ than to p. The Wiener index W (T)
can be written as follows [32]:

W(T)= Y_ Nr(p.q)-Nr(e,p) - |pal.
(p,@)ET

In this section, we prove that the following problem is NP-hard.
Euclidean Wiener Index Tree Problem: Given a set P of points in the Euclidean plane,
a cost W, and a budget B, decide whether there exists a spanning tree T" of P, such that
W(T) <W and wt(T) < B.

» Theorem 3. The FEuclidean Wiener Index Tree Problem is weakly NP-hard.

Proof. We reduce from the Partition problem, which is known to be weakly NP-hard [14].
In the Partition problem, we are given a set X = {x1,x2,...,2,} of n positive integers with
an even sum R =) " x;, and the goal is to decide whether there is a subset S C X, such
that >, g2 = 3R

Given an instance X = {x1,29,...,2,} of the Partition problem, with integer x;’s, we
construct a set P of m = n® + 3n + 1 points in the plane as follows. The set P consists of a
point s, n points p1, po, ..., p, located evenly spaced on a circle of radius nR centered at s,

and a cluster C of n3 points located evenly spaced on a circle of radius ﬁ centered at s;
see Figure 4. Moreover, for each 1 < i < n, we locate two points /; and r;, each at distance
x; from p;, with the distance |l;r;] = %xz Finally, we set

7
_ 2
B = (TL +1>R+ﬁ,and
9 13 1 3
— 902 _ m == -4 —
W =3n®(m—8)R+ (Jm— = )R+ — + ——
45 27 1 3
— 5 3 2

CGT
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S

Figure 4 The set P constructed for the reduction. Connecting the points l;, r;, and p; for z; € S
(red) and connecting the points ;, r;, and p; for x; € X \ S (blue).

We now prove the correctness of the reduction. Assume that there exists a set S C X,
such that ZI s Ti = %R. We construct a spanning tree T for the points of P as follows. T
consists of four sets of edges F1, Ey, E3, and E4, such that

Ey={(s,p;) : 1 <i<n},

By = {(pi, i), (pisri) : v € S},

Es ={(pj,1;),(l;,r;) :; € X\ S}, and

E, = {(s,p) : p € C}; see Figure 4.

It is easy to see that

wi(T) = wt(By) + wi(Ey) + wt(Es) + wt(Ey)

3 1

2 3

nR+R+ZR+n TR
7 1

(.2

—(n +4>R+7E B.

Moreover, the Wiener index of T is

= > Ne(p,g)- Nr(g,p) - pal

(p,@)ET
= > Nr(p.q)-Nr(a.p)-lpdl+ D>, Nr(p,q)- Nr(g,p) - Ipd]
(p,a)€EL (p,a)€E>
+ Y. Nr(pq) - Nele.p)-lpal+ > Nr(p,g)- Nrlg,p) - |pql
(p.a)EES (p.a)EES
= 3(713 + 3n — 2)n2R+ 2 Z (n3 + f’m)alcz
x, €S
+Z<n +3n xl+2(n +3n71) ) 3(n3+3n).ﬁ
;¢S
=3n*(n’ +3n—-2)R+ (n3+3n)R+l(n3+3n)R+(n3+3n—1)R+#+%

1 3
a5 n3 2 R -
3nR+4 R —6n R+ nR— R+ R+ R
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Conversely, let T be a spanning tree of P with wt(T) < B and W(T) < W.
> Claim 4. There are exactly n edges in T between the points in C'U {s} and the others.

Proof. Assume there are k such edges. Since the weight of each such edge is at least nR— ﬁ,
we have wt(T) > k(nR — —t). On the other hand, wt(T) < B = (n® + T)R + 5. If
k > n, then we have wt(T) > n?R + nR — :jg}% > B, for sufficiently large n. Moreover,
consider the connections between the triplets {p;,l;,;}, for each 1 <4 < n, and the points
in C' U {s}. There are only k triples that are connected to the points in C'U {s} directly via
an edge of length at least nR — ﬁ7 and each one of the other n — k triplets is connected

via an additional edge of length at least 2nR - cos (%) Thus,

1 3 1 T 3
wW(T) > k(an n10R> -3n° + (n — k)(an o[ +2nR - cos (5)) - 3n
_ 2 _ k)9 cos (M) \nip_ Sk _3n—k)
= (3kn—|—3n 3kn+ (n—k)-2n cos(n)>n R R R
_ 2 ™\.,.3 3
= (3n —i—(n—k:)-2n~cos(ﬁ))n R- R
3
—30°R+ (n—k)-2n*R-cos (Z) — — .
n°R+ (n—k)-2n cos(n) iR
And, if k < n, then we have W(T) > 3n°R+2n*R - cos (X) — ﬁ > W, for sufficiently large
n. Therefore, we conclude that k = n. |

Let P; denote the triplet {p;,;,r;}, for 1 <i < n. From the proof of Claim 4, it follows
that for every 1 < i < n, there is exactly one edge (p,q) in T for which p € C' U {s} and
g € P,. Moreover, it is easy to see that ¢ = p;. Thus, in every P;, we have (p;,l;) € T
or (p;,r;) € T. Assume, without loss of generality, that (p;,l;) € T. Therefore, either
(pi,ri) € T or (l;,r;) € T. Let S C X, such that z; € S if and only if (p;,r;) € T, and let
R = Zwl es Li-

To complete the proof, we show that if R’ # 1R, then either wt(T) > B or W(T) > W,
which leads to a contradiction.

Case 1: R’ > iR. In this case, we have

wt(T) = n*R + Z (Ipili + Ipiri]) + Z (Ipala| + |Liri]) + Z pal

;€S I1€S (pvq)eTC

3

=n?R + Z 21, + Z 2%+ Z pal

z;ES ;¢S (p,q)ETC
3
SE-R)+ > |pd

(p,9)€Tc

—n’R1 iR 2R+ >

5 5 Pq| -

(p.9)€Tc

=n’R+ 2R +

Since _(, oere [Pa| > 0, we have

1 3

Moreover, since R’ > %R and R is an integer, we have R’ > £ R + 3. Thus,

1/1 1
T 2 ft— -
wi( )>nR—|—2 2R+2

:Qﬂ+9R+%>B.

)+§R

2:9
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2:10 Geometric Spanning Trees Minimizing the Wiener Index

Therefore, wt(T) > B.

Case 2: R' < %R. In this case, we have

= Y Ne(p,g)- Nr(a,p) - |pdl

(p.)€T
=3(n®+3n—-2)n*R+ Z (n® + 3n) (Ipili| + |piri]) + Z (n® + 3n) - iy
z; €S ¢S
+> 20 +3n—1)-Ipilil+ > Nr(p.q)- Nr(g,p) - |pdl
;¢S (r,9)€Tc
S(n +3n72) 2R+2(n +3n le n +3n le
;€S xi ¢S
(n*+3n—-1)> 2+ Y Nr(p,q)- Nr(q.p) - |pq|
-’%gS (p7‘I)ETC

= 3(n® + 80— 2)n2R+2(n® + 3n) R + 2 (0 + 30) (R~ )

—|—2(n3+3n—1)(R—R/) Z Nr(p,q) - Nr(q,p) - [pq|
(p.9)ETC

=3(n®+3n—2)n*R+2(n® +3n)R + 1(n +3n)R—7(n +3n) R’

+2(n®+3n—1)R—2(n*+3n—1)R' + Z Nr(p,q) - Nr(q,p) - |pq|
(pq)eTc

5 3 2 1 3 /

= 3R+ 9n°R — 6n°R — (5 (n® +30) —2) R + (n +3n)R - 2R

+ Y. Nr(p,q)-Nr(g,p) - [pal.
(p.9)€TC

Since 3, et N7(P,@) - Nr(g,p) - [pg| > 0, we have
W(T) > 3n°R + 9n°R — 6n*R — (2 (n +3n) ) (n® + 3n)R — 2R.
<

Moreover, since R’ < 1R and R is an integer, we have R’ R — 5. Thus,

1 1
2 2°

5 3 2 1 1 5 3
W(T) > 3n°R + 9n®R — 6n*R — (2(n +3n>—2>(fR—§)+§(n +3n)R - 2R
—35R+4 n3R — 62R+—7R R+ n+in 1>W.

Therefore, W(T) > W.

5 Paths that optimize Wiener index

Let P be a set of n points in the plane. In this section, we consider the problem of computing
a Hamiltonian path on the point set P that minimizes the Wiener index. We first prove that,

unlike spanning trees, an optimal Hamiltonian path may have crossing edges.

» Theorem 5. A Hamiltonian path on a point set P that minimizes the Wiener index is not

necessarily non-crossing.
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Proof. Consider the set P of n = 2m + 2 points in convex position as shown in Figure 5.
The set P consists of four parts: two points p and ¢, and two clusters of points, P, and P,
where |P;| = |P.| = m. The points in cluster P, (resp., P,) are located on a convex arc of
length —L; that passes through the origin (0,0) (resp., through coordinate (6,0)). The points
p and ¢ are located at coordinates (5,1) and (5, —1), respectively.

(,1)
p?
P P,
(0,0) F e £(6,0)
"
(57_1)

Figure 5 A set P of n = 2m + 2 points in convex position.

Observe first that any Hamiltonian path of P that seeks to minimize the Wiener index
will connect the points and clusters (p, ¢, P, and P,.) while using as few connections between
the different clusters (P, and P,) as possible. To see this, recall that the contribution to the
Wiener index of edge (u,v) in a Hamiltonian path II of P is Nr(u, v)- Np(v, u)-|uv|. Thus, the
contribution to the Wiener index of an edge (u,v) in a Hamiltonian path IT of P connecting
two points from different clusters is at least (2m + 1) - v/2 = Q(m), while the contribution of
an edge (u,v) connecting two points inside a cluster is at most (m +1)(m + 1) - 55 = O(%).
Therefore, any Hamiltonian path of P that seeks to minimize the Wiener index will connect
the points in P; by a path, and will connect the points in P, by a path.

Let II; (resp., II,.) be a Hamiltonian path connecting the points in P, (resp., P,). Thus,
the contribution of II; (or of II,.) to the Wiener index of any Hamiltonian path of P is at least
(m—1)(2m+1)- -1 = Q(L), and at most (m —1)(m+1)(m+1)- - = O(1). Therefore, it
is sufficient to consider the 12 possible Hamiltonian paths defined on the points (0, 0), (6,0),
p, and ¢ while treating each one of the points (0,0) and (6,0) as an approximation of a path
(of Wiener index at most O(1) and at least Q(%)) containing m points, starting and ending
at this point. There are six types of path structures, and within each type there are two
symmetric paths. We compute their Wiener indices as follows; see Figure 6.

Type A:

W(II4) < 2(2m +1) +v/2-2-2m + 6m(m + 2) + O(1)
= dm + 2+ 4V2m + 6m> + 12m + O(1)
=6m” +4(4 +V2)m+O(1).

Type B:

W(Mg) > 2(2m + 1) + V26 - 2 - 2m + 6m(m + 2)
= 4dm + 2 + 4V26m + 6m? 4+ 12m
= 6m® +4(4 + V26)m + O(1) .

2:11
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Type C:

W(Ile) > V2(2m + 1) + V2(m + 1) (m + 1) + V26m(m + 2)
= 2V2m + V2 + vV2m? + 2v2m + V2 + V26m? + 2v/26m
= (\/%+ \@)m2 +6(m).
Type D:

W(Ilp) > V2m(m + 2) + v26(m + 1)(m + 1) + v/26(2m + 1)
= V2m? + 2v2m + V26m?* + 2v/26m + V26 + 2v26m + V26
= (V26 + V2)m® + O(m).
Type E:
W(Ilg) > vV2(2m + 1) 4+ 6(m + 1)(m + 1) + v/26(2m + 1)
= 2v2m + V2 + 6m? + 12m + 6 + 2v/26m + /26
=6m*+2(6+ V26 + vV2)m + O(1).
Type F:
W(Ig) > V2m(m +2) + 2(m + 1)(m + 1) + v26m(m + 2)
= V2m? 4+ 2v2m + 2m? + 4m + 2 + V26m? + 2v26m
= (24 V26 +v2)m® + O(m).

This computation shows that the Type A Hamiltonian paths, which are self-crossing, have
the smallest Wiener index (for sufficiently large n).

<
Type A % _______ | T»piC/> _____ LiType B ; ___________ |
E 6m? + 4(4 + v2)m + O(l)i E (V26 + v/2)m? + ©(m) | E 6m? + 2(6 + /26 +v/2)m + @(l)i
‘Type B .I’ _______ | T\pcD.<‘\ o _T_yb_e_F";; ________ '
6m? + 4(4 + v/26)m + ©(1)!

Figure 6 The 12 possible Hamiltonian paths that are defined on points (0,0), (6,0), p, and q.
For each Type we show the resulting Wiener index of the two paths.

In the following two theorems, we prove that the problem of computing a Hamiltonian
path on P that minimizes the Wiener index is NP-hard and that the Wiener index of any
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Hamiltonian path on P can be Q(y/n) times the Wiener index of the complete Euclidean
graph over P.

» Theorem 6. [t is NP-hard to compute a Hamiltonian path on a point set P that minimizes
the Wiener index.

Proof. We reduce from Hamiltonicity in a grid graph, which is a graph whose vertices are
integer grid points and whose edges join pairs of grid points at distance 1 from each other; see
Figure 7). It is well known (and readily computed) that the Wiener index of a Hamiltonian
path of n points, where each edge is of length one, is (":{1) (see [21]). Thus, it is easy to see
that a grid graph G = (P, E) has a Hamiltonian path if and only if there exists a Hamiltonian
path in the complete graph over P of Wiener index (";’H) |

Figure 7 A grid graph G and a Hamiltonian path with Wiener index (”;’1) in G.

» Theorem 7. There exists a set P of n points in the plane such that the Wiener index
of any Hamiltonian path on P is Q(y/n) times the Wiener index of the complete Fuclidean
graph over P.

Proof. Let P be a set of n points located on a \/n x y/n integer grid. The Wiener index of
any Hamiltonian path of P is at least (";1), which is the Wiener index of a Hamiltonian
path whose (n — 1) edges are each of length 1. Thus, the Wiener index of any Hamiltonian
path of P is ©(n3). On the other hand, since the distance between any two points of P is at
most v/2n, and there are (g) pairs of points, the Wiener index of the complete graph over P
is O(n*®). Therefore, the Wiener index of any Hamiltonian path of P is Q(y/n) times the

Wiener index of the complete Euclidean graph over P. |

6 Concluding remarks

In this paper, we study the problem of computing a spanning tree of a set P of n points
in the plane that minimizes the Wiener index when the underlying graph is the complete
Euclidean graph. We proved that any spanning tree of P that minimizes the Wiener index
has non-crossing edges. Then, we used this fact to devise an O(n*)-time algorithm that
constructs a spanning tree of minimum Wiener index when the points of P are in convex
position. Improving the running time of the algorithm is an interesting question.

Another challenging open question is to determine the complexity of computing a spanning
tree of minimum Wiener index for a set P of n points in general position: Is this problem
NP-hard? In this paper, we considered a variant of this problem when the total weight of
the tree is bounded, and we proved that this variant is NP-hard.
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