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Abstract
In this paper, we study the maximum matching problem in RDV graphs, i.e., vertex-intersection
graphs of downward paths in a rooted tree. We show that this problem can be reduced to a problem
of testing (repeatedly) whether a horizontal segment intersects one of a dynamically changing set
of vertical segments, which in turn reduces to a range minimum query. Using a suitable data
structure, we can therefore find a maximum matching in O(n log n) time (presuming a linear-sized
representation of the graph is given), i.e., without even looking at all edges.
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1 Introduction

The Matching problem is one of the oldest problems in the history of graph theory and
graph algorithms: Given a graph G = (V, E), find a matching (a set of pairwise non-adjacent
edges) that is maximum (has the largest possible number of edges). See for example extensive
reviews of the older history of matchings and its applications in [2, 24]. The fastest known
algorithm for general graphs runs in O(

√
nm) time ([27], see also [34]). There have been some

recent break-throughs for algorithms for maximum flow [9, 19, 8] based on the Laplacian
paradigm introduced by Spielman and Teng [32], culminating in an almost-linear run-time
O(m1+o(1)) algorithm for undirected graphs [8]. This immediately implies an almost-linear
algorithm for Matching in bipartite graphs.

Greedy-algorithm and interval graphs. Naturally one wonders whether truly linear-time
algorithms (i.e., with O(m + n) run-time) exist for Matching, at least if the graphs have
special properties. One natural approach for this is to use the greedy-algorithm for Matching
shown in Algorithm 1, which clearly takes linear time. With a suitable vertex order this will
always find the maximum matching (enumerate the vertices so that matched ones appear
consecutively at the beginning); the challenge is hence to find a vertex order (without knowing
the maximum matching) for which the greedy-algorithm is guaranteed to work.

One graph class where this can be done is the interval graphs, i.e., the intersection
graphs of intervals on a straight line. It was shown by Moitra and Johnson [28] that the
greedy-algorithm always finds a maximum matching in an interval graph as long as we sort
the vertices by left endpoint of their intervals. This gives an O(m + n) algorithm for interval
graphs since an interval representation can be found in O(m + n) time [4]. Liang and Rhee
[20] improve this further to O(n log n) time (assuming the interval representation is given) by
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4:2 Finding maximum matchings in RDV graphs efficiently

Algorithm 1 Greedy-algorithm for matching.

Input: A graph G with a vertex order v1, . . . , vn

1 initialize the matching M = ∅ and mark all vertices as “unmatched”
2 for i = 1, . . . , n do
3 if vi is “unmatched” and has unmatched neighbours then
4 among all unmatched neighbours of vi, let vj be the one that minimizes j

// j > i, for otherwise vj would have been matched earlier
5 add (vi, vj) to M and mark vi and vj as “matched”

6 return M

using binary search trees; in particular this is sub-linear run-time if the graph has ω(n log n)
edges. This runtime can be easily improved to O(n log log n) by using a van Emde Boas tree
[33], as observed later by Liang and Rhee [31].

Our results. In this paper, we take inspiration from [20] and develop sub-linear algorithms
for Matching in RDV graphs, i.e., graphs that can be represented as vertex-intersection
graphs of downward paths in a rooted tree T . (This is called an RDV representation; formal
definitions will be given in Section 2.) RDV graphs were introduced by Gavril [15]; many
properties have been discovered and for many problems efficient algorithms have been found
for RDV graphs [1, 21, 22, 30], quite frequently in contrast to only slightly bigger graph
classes where the problem turns out to be hard. It is easy to see that all interval graphs are
RDV graphs, so our results re-prove the O(n log n) run-time for interval graphs from [20]
(sadly, the O(n log log n) run-time from [31] does not seem to carry over to RDV graphs).

RDV graphs can be recognized in polynomial time, and along the way an RDV represen-
tation is produced [15]. (The run-time has been improved, and even a linear-time algorithm
has been claimed but without published details; see [6, Section 2.1.4] for more on the history.)

We show in this paper that if we are given an n-vertex graph G with an RDV representation
on a tree T , then we can find a maximum matching in O(|T |+ n log n) time. There always
exists an RDV representation of G with |T | ∈ O(n), so if we are given a suitable one then
the run-time becomes O(n log n), hence sub-linear.

Our idea is to use the greedy-algorithm (Algorithm 1), and to speed up the time it takes
to find a minimum (in the vertex ordering) unmatched neighbour to O(log n) per query.
The key ingredient here is that ‘is vi a neighbour of vj ’ (for some i < j) can be re-phrased,
using the RDV representation, as the question of checking whether a horizontal segment
(corresponding to vi) intersects a vertical segment (corresponding to vj). This turns the
question of finding vi’s minimum (in the vertex order) neighbour into a range minimum
query. Such queries can be performed with the help of priority search trees using linear space
and O(log n) time per operation [25]; this gives our result since we need O(n) operations.
We use range minimum queries as a black box, so if the run-time were improved (e.g. one
could dream of O(log log n) run-time if coordinates are integers in O(n), as they are in our
application) then the run-time of our matching-algorithm would likewise improve.

While we focused on matching here, the ‘obvious’ linear-time greedy-algorithm works (in
RDV graphs) also for perfect k-clique packing, which is a generalization of PerfectMatch-
ing, i.e., the problem of finding a matching of size n/2. We briefly discuss in Section 4.2
how this greedy-algorithm likewise can be implemented in O(n log n) time for RDV graphs.
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Other related results: There are a number of other results concerning fast algorithms to
solve Matching in intersection graphs of some geometric objects, see Table 1. Specifically,
the results for interval graphs were extended to circular arc graphs (intersection graphs of
arcs of a circle) [20]. In an entirely different approach, Matching can also be solved very
efficiently in permutation graphs (intersection graphs of line segments connecting two parallel
lines) [31]; see also [11] for an (unpublished) matching-algorithm for permutation graphs
that is slower but beautifully uses range queries to find the matching. Permutation graphs
are a special case of co-comparability graphs, i.e., graphs for which the complement has an
acyclic transitive orientation; these can also be viewed as intersections of curves between two
parallel lines [17]. For these, maximum matchings can be found in linear time [26].

We should note that RDV graphs are unrelated to circular arc graphs, permutation
graphs and co-comparability graphs (i.e., neither a subclass nor a superclass); Figure 1 gives
a specific example. As such, these results do not directly impact ours or vice versa.

Finally, the greedy-algorithm actually works for broader graph classes; in particular
Dahlhaus and Karpinski [10] showed that it finds the maximum matching for strongly chordal
graphs. These are the graphs that are chordal (every cycle C of length at least 4 has a
chord, i.e., an edge between two non-consecutive vertices of C), and where additionally every
even-length cycle C of length at least 6 has a chord (v, w) such that an odd number of edges
of C lie between v and w. Every RDV graph is known to be strongly chordal (see Lemma 12
for a short proof).

The question whether chordal graphs have a linear-time algorithm for Matching remains
open. But likely the answer is no, because as argued in [10], a linear-time algorithm for
Matching (in particular therefore PerfectMatching) would imply a linear-time algorithm
for PerfectMatching in any bipartite graph that is dense (has Θ(n2) edges).

Graph Class Runtime Reference
Interval graphs O(n log log n) [20, 31]

Circular arc graphs O(n log n) [20]
Permutation graphs O(n log log n) [31]

Strongly chordal graphs O(n + m) [10]
Co-comparability graphs O(n + m) [26]

RDV graphs O(n log n) Section 3
Table 1 Existing and new results for Matching in some classes of graphs, presuming a suitable

intersection representation is given and sufficiently small.

Our paper is structured as follows. After reviewing some background in Section 2, we
give our main result for RDV graphs in Section 3. We briefly discuss extensions in Section 4.

2 Background

In this paper we study vertex-intersection graphs of subtrees of trees. We first define this
formally, and then restrict the attention to a specific subclass.

▶ Definition 1. Let G be a graph. A representation of G as a vertex-intersection graph of
subtrees of a tree (or tree-intersection representation for short) consists of a host-tree T

and, for each vertex v of G, a subtree T (v) of T such that (v, w) is an edge of G if and only
if T (v) and T (w) share at least one node of T .

As convention, we use the term ‘node’ for the vertices of the host tree, to distinguish
them from the vertices of the graph represented by it. A tree-intersection representation is

CGT



4:4 Finding maximum matchings in RDV graphs efficiently

sometimes also called a clique-tree [29] or characteristic tree [15]. It is well-known that a
graph has such an intersection representation if and only if it is chordal [14]. We now review
some properties of tree-intersection representations where the host-tree has been rooted.

▶ Definition 2. Let G be a graph with a tree-intersection representation with rooted host
tree T . For any vertex v, let t(v) be the topmost (closest to the root) node in the subtree
T (v) of v. A bottom-up enumeration of G is a vertex order obtained by sorting vertices by
decreasing distance of t(v) to the root, breaking ties arbitrarily.

For example, the vertices of the graph in Figure 1 are enumerated according to a bottom-up
enumeration.

It will be convenient to assign points to the nodes of the host-tree T as follows. First, fix
an arbitrary order of children at each node, and then enumerate the leaves of T as L1, . . . , Lℓ

from left to right. For every node ν in T , let ℓ(ν) be the leftmost (i.e., lowest-indexed)
leaf that is a descendant of ν. Formally, if ν is a leaf, then set ℓ(ν) = ν; otherwise set
ℓ(ν) = ℓ(c) where c is the leftmost child of ν. Set x(ν) to be the index of ℓ(ν). Symmetrically
define r(ν) to be the rightmost leaf that is a descendant of ν. Also, define y(ν) to be the
distance of node ν from the root of the host-tree. Figure 1 shows each node ν drawn at
point (x(ν), y(ν)) (where y-coordinates increase top-to-bottom). We can compute x(·) with
a post-order traversal and y(·) with a BFS-traversal of host-tree T in O(|T |) time. Note that
a bottom-up enumeration of the vertices is the same as sorting the vertices by y(t(·)); it
therefore can be computed in O(|T |+ n) time, presuming every vertex v stores a reference
to t(v).

G:

v1

v2

v3v4

v5

v6 v7

v8 v9

T :
x

y

1 2 3 4 5

0

1

2

3

v7, v8, v9

v8

v8

v1, v8

v5, v6, v7

v2, v6

v2, v6

v7 v3, v4, v5

v3 v5

Figure 1 An RDV graph G together with one possible RDV representation with host-tree T

(for illustrative purposes the representation is more complicated than needed). Each node ν lists
those vertices v with ν ∈ T (v); we write v if ν = b(v) and v if ν = t(v). We also show the paths as
poly-lines, with colors/dash-pattern matching the vertices. Nodes are drawn at their coordinates,
and vertices are enumerated in bottom-up enumeration order. The graph is neither a circular arc
graph nor a permutation graph (and hence also not a co-comparability graph), see Appendix A.

RDV graphs and friends: Numerous subclasses of chordal graphs can be defined by studying
graphs that have a a tree-intersection representation where the subtrees or the host-tree have
particular properties. Most prominent here is the idea to require that T (v) is a path. This
gives the path graphs (also known as VPT graphs). One can further restrict the paths to
be directed (after imposing some edge-directions onto the host-tree); these are the directed
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path graphs. One can restrict this even further by requiring that the edge-directions of the
host-tree are obtained by rooting the host-tree, and this is the graph class that we study.

▶ Definition 3. A rooted directed path graph (or RDV graph [29]) is a graph that has an
RDV representation, i.e., a tree-intersection representation with a rooted host-tree where for
every vertex v the subtree T (v) is a downward path, i.e., a path that begins at some node
and then always goes downwards.

See Figure 1 for an example of an RDV representation. As a historical note, we want to
mention that Gavril used ‘directed path graphs’ for RDV graphs [15] and only later papers
(e.g. [1, 29]) distinguished further by whether the directions for the host-tree had to be
obtained via rooting or could be chosen arbitrarily.

3 Matching in RDV graphs

Assume for the rest of this section that we are given an RDV representation of a graph G. In
what follows, we will often use ‘P (v)’ in place of ‘T (v)’ for the subtree of a vertex v, to help
us remember that these are downward paths rather than arbitrary trees. Recall that t(v)
denotes the top (closest to the root) node of P (v); because we have a downward path (rather
than an arbitrary tree) representing v we can now also define b(v) to be the bottom node
of P (v). For run-time purposes we presume that ‘the RDV representation is given’ means
that we have a rooted tree T and (for each vertex v of G) two references b(v) and t(v) to the
nodes of T that define the downward path.

It follows easily from an intersection-representation result by Farber [12, Theorem 3.11]
that every RDV graph is strongly chordal. Dahlhaus and Karpinski [10] showed that the
greedy-algorithm works correctly on strongly chordal graphs if we consider vertices in a
so-called strong elimination order (which is usually assumed to be given with a strongly
chordal graph). This suggests that the greedy-algorithm works for RDV graphs, but there is
one missing piece: How do we get a strong elimination order from an RDV representation
efficiently? This is very easy (use the bottom-up enumeration), and the proof that it works
is not hard and was likely known before; since we have not been able to find a reference for
this we provide a proof in Appendix B.

▶ Theorem 4. Let G be a graph with a given RDV representation. Then the greedy matching
algorithm, applied to a bottom-up enumeration, returns a maximum matching.

Our key idea for a fast implementation of greedy-algorithms is that adjacency queries in
an RDV graph can be reduced to the question of whether a horizontal segment intersects a
vertical segment. We need some definitions first.

▶ Definition 5. Let G be a graph with an RDV representation. For each vertex v, define the
following (see Figure 2 for examples):

The horizontal segment h(v) of v is the segment between the point of t(v) and point(
x

(
r(t(v))

)
, y

(
t(v)

))
, i.e., it extends rightward from the point of t(v) until it is above the

rightmost descendant of t(v).
The vertical segment v(v) of v is the segment between the point of b(v) and

(
x

(
b(v)

)
, y

(
t(v)

))
,

i.e., it extends upward from the point of b(v) until it is to the right of t(v).

Recall that t(v) has the same x-coordinate as its leftmost descendant, so the x-range of
segment h(v) is exactly the range of x-coordinates among descendants of t(v).

CGT
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G:

v1

v2

v3v4

v5

v6 v7

v8 v9

x

y

1 2 3 4 5

0

1

2

3

v7, v8, v9

v8

v8

v1, v8

v5, v6, v7

v2, v6

v2, v6

v7 v3, v4, v5

v3 v5

Figure 2 Mapping the vertices of the example in Figure 1 to horizontal and vertical segments.
For ease of reading, segments are offset slightly, and degenerate segments (i.e., points) are shown as
short segments.

▶ Theorem 6. Let G be a graph with an RDV representation and let v1, . . . , vn be a bottom-up
enumeration of vertices. Then for any i < j, edge (vi, vj) exists if and only if the vertical
segment v(vj) intersects the horizontal segment h(vi).

Proof. Since v(vj) is a vertical segment and h(vi) is a horizontal segment, they intersect if and
only if both the x-coordinates and y-coordinates line up correctly, i.e., x(t(vi))=x(ℓ(t(vi))) ≤
x(b(vj)) ≤ x(r(t(vi))) and y(t(vj)) ≤ y(t(vi)) ≤ y(b(vj)).

Assume first that edge (vi, vj) exists, which means that P (vi) and P (vj) have a node u

in common. Among all such nodes u, pick the one that minimizes the y-coordinate; this
implies u ∈ {t(vi), t(vj)}. By i < j we actually know u = t(vi), because if u ̸= t(vi) then
u=t(vj) would be a strict descendant of t(vi) and have larger y-coordinate, contradicting the
bottom-up enumeration ordering. Since u ∈ P (vj), node b(vj) is a descendant of u, which in
turn is a descendant of t(vj). So y(t(vj)) ≤ y(u)=y(t(vi)) ≤ y(b(vj)) and the y-coordinates
line up. The x-coordinates line up since b(vj) is a descendant of t(vi)=u and the x-range of
horizontal segment h(vi) covers all such descendants.

Assume now that the segments intersect. By y(t(vj)) ≤ y(t(vi)) ≤ y(b(vj)) then path
P (vj) contains a node (call it u) with y(u) = y(t(vi)). If u equals t(vi) then P (vi) and
P (vj) have node t(vi) in common and (vi, vj) is an edge as desired. If u ≠ t(vi), then
these two nodes (with the same y-coordinate) have a disjoint set of descendants, so the
intervals Iu = [x(ℓ(u)), x(r(u))] and Ii = [x(ℓ(t(vi))), x(r(t(vi)))] are disjoint. Since b(vj) is
a descendant of u ∈ Pj , we have x(b(vj)) ∈ Iu, but since the x-coordinates line up we have
x(b(vj)) ∈ Ii. This is impossible. ◀

In light of this insight, we can reformulate the greedy-algorithm and speed it up by using
range minimum queries. In such a query, we are storing tuples [x, w] (we call their aspects
value and weight, respectively), we are given a range [x′, x′′], and we want to find, among all
tuples whose value falls into the given range, the one that minimizes the weight. We also
want to dynamically add or remove tuples. McCreight [25] showed how to store the tuples in
a so-called priority search tree such that insertion, deletion and range minimum queries can
be done in O(log n) time for n currently stored tuples.

In our specific application, we associate each vertex vi with a tuple that has value x(b(vi))
and weight i. We maintain a priority search tree P with the invariant that, at the time when
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processing vertex vi (with current y-coordinate ycurr := y(t(vi))), we store in P the tuples
of those unmatched vertices vj with j > i where y(b(vj)) ≥ y(t(vi)). Since we proceed in
bottom-up enumeration order, j > i implies y(t(vi)) ≥ y(t(vj)), i.e., P contains only tuples
of unmatched vertices whose vertical segments contain ycurr in their y-range. This means
that to test whether vi has a suitable neighbour, we can simply perform a range minimum
query with the x-range of h(vi), i.e., find the tuple whose value (i.e., the x-coordinate of
some vertical segment v(vj)) falls into the x-range and that minimizes the weight (i.e., the
index j). The invariant maintained for P ensures that y-coordinates line up, and the query
range ensures that the x-coordinates do, which means that vj is adjacent to vi. Among such
vertices, the one with minimum weight (i.e., index) is the smallest one in the elimination
order as is required by the greedy-algorithm. Algorithm 2 shows how to implement this idea,
and Figure 3 illustrates how P is used.

Algorithm 2 Reformulated greedy-algorithm for matching in RDV graphs

Input: An RDV graph G with a bottom-up enumeration order v1, . . . , vn

1 initialize the matching M = ∅ and mark all vertices as “unmatched”
2 initialize an empty priority search tree P
3 ycurr =∞ // current y-coordinate
4 for i = 1, . . . , n do
5 yprev ← ycurr; ycurr ← y(t(vi))
6 if (ycurr < yprev) then // ycurr decreased, so update P
7 for all vertices vq such that yprev > y(b(vq)) ≥ ycurr do
8 insert the tuple [x(b(vq)), q] of vq into P

9 if vi is “unmatched” then
10 delete the tuple of vi from P
11 perform a range-minimum query in P w.r.t. to the x-range of h(vi)
12 if the result of the range minimum query is not null, say it is [·, j] then
13 add (vi, vj) to M and mark vi and vj as “matched”
14 delete the tuple of vj from P

15 return M

▶ Lemma 7. Algorithm 2 returns a maximum matching and finishes in O(n log n) time.

Proof. Observe first that the current y-coordinate can never increase, since it corresponds to
the y-coordinate of t(vi), and the bottom-up enumeration sorts by exactly that. We add the
tuple of vq to P once the current y-coordinate reaches the bottom of the vertical segment of
vq; this happens exactly once for each vertex. Since we only match vertices that were already
in P, vertices newly added to P are hence unmatched, and we remove vertices from P once
they are matched. So vertices with tuples in P are unmatched throughout, and they have
index at least i since we remove the tuple of vi from P when processing the vertex.

Next we argue that (vi, vj) is actually an edge if we reach line 12. Since vj ’s tuple was
in P, the current y-coordinate had reached the bottom of v(vj), i.e., ycurr ≤ y(b(vj)). On
the other hand, ycurr ≥ y(t(vj)), for otherwise (by the bottom-up enumeration order) we
would have j < i, impossible. Therefore whenever we reach line 12 in the algorithm, the
y-coordinates of h(vi) and v(vj) line up, and the query ensures that their x-coordinates
line up, so edge (vi, vj) exists by Theorem 6. Further, the query returns, among all possible
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G:

v1

v2

v3v4

v5

v6 v7

v8 v9

x

y

1 2 3 4 5

0

1

2

3

v7, v8, v9

v8

v8

v1, v8

v5, v6, v7

v2, v6

v2, v6

v7 v3, v4, v5

v3 v5

Figure 3 The query performed when processing v3 (i.e., i = 3). We had earlier matched (v1, v8)
and (v2, v6), so v(v6) and v(v8) are not in P. Also v(v9) is not in P since its y-range does not
intersect ycurr = 2. We perform a query in the x-range of h(v3), which contains the vertical segments
of v4 and v5 (but not of v7); the query returns the tuple of v4.

vertices, the one with minimum weight, that is one which comes earliest in the order. Hence,
we exactly implement the greedy-algorithm, and hence return a maximum matching.

For the runtime, observe that we perform O(1) queries per iteration, and each query
takes O(log n) time. Since there are at most n iterations, we will finish in O(n log n) time.
Adding tuples in line 7 can easily be done in O(n log n) total time by precomputing a list of
vertices sorted by the y(b(v))’s and then advancing through it in line 7; this takes constant
time per vertex (which is either added or discarded since it was already matched). ◀

With this, we can put everything together into our main theorem.

▶ Theorem 8. Given an n-vertex graph G with an RDV representation with host-tree T , the
maximum matching of G can be found in O(|T |+ n log n) time.

Proof. Parse T to compute the x-coordinates and y-coordinates of all nodes in T , then
bucket-sort the vertices by decreasing y(t(v)) to obtain the bottom-up enumeration order
v1, . . . , vn in O(|T |+ n) time. By Theorem 4 applying the greedy-algorithm with this vertex-
ordering will give a maximum matching. Using Algorithm 2, the run-time is in O(n log n) as
argued in Lemma 7. ◀

One can easily argue that any RDV graph has an RDV representation T with |T | ∈ O(n),
for if |T | > 2n + 1 then some non-root node is neither t(v) nor b(v) for any vertex v of G,
and therefore could be combined with its parent without affecting the represented graph. So
the run-time becomes O(n log n) if a suitably small RDV representation is given.

Recall that for interval graphs, an improvement of the run-time for matching from
O(n log n) to O(n log log n) is possible by using van Emde Boas trees [31]. This naturally
raises an open question: Could the run-time of Theorem 8 also be improved to O(n log log n)
time, presuming |T | ∈ O(n)? The bottleneck for this would be to improve the run-time for
range minimum queries if all coordinates are (small) integers, e.g. via van Emde Boas trees.
There are some improvements of the run-time for range minimum queries (and more generally,
path-minimum queries): Broding, Davoodi and Rao show how to do this in O(log n/ log log n)
time per operation in the RAM model [5]. However, their model is such that every value is
used in at most one tuple, and it is not immediately obvious whether their data structures
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could be used in our situation where one value (x-coordinate) could be mapped to multiple
weights (indices of vertices). Can we achieve run-time O(n log n/ log log n) for Matching in
RDV graphs?

4 Extensions

4.1 Tree-intersection representations where subtrees have few leaves
An RDV graph is a chordal graph with a tree-intersection representation where the host-tree
is rooted and every subtree T (v) has exactly one leaf. A natural generalization of this graph
class are the chordal graphs with a tree-intersection representation where every subtree T (v)
has at most ∆ leaves. (A very similar concept was introduced by Chaplick and Stacho under
the name of vertex leafage [7]; the only difference is that they considered unrooted host-trees
and so count the root of T (v) as leaf if it has degree 1.)

▶ Theorem 9. Let G be a graph with a tree-intersection representation where the host-tree
T is rooted and all subtrees have at most ∆ leaves. Then the greedy-algorithm applied to the
bottom-up enumeration can be implemented in O(|T |+ ∆n log n) time.

Proof. For each vertex v, split T (v) into k ≤ ∆ paths P1(v), . . . , Pk(v), each connecting the
root t(v) of T (v) to a leaf of T (v), such that their union covers all of T (v). Define segment
h(v) as before (it only depends on t(v)), and define k vertical segments v1(v), . . . , vk(v), one
for each of the paths. One easily verifies that for i < j vertex vj is a neighbour of vi if and
only if at least one of v1(vj), . . . , vk(vj) intersects h(vi). So we add (or remove) k different
tuples in P corresponding to the vertex vj , instead of just one tuple. All other aspects of the
greedy-algorithm are exactly as in Section 3. ◀

Unfortunately, this does not improve the time to find maximum matchings for such graphs,
because there is no guarantee that the greedy-algorithm finds a maximum matching when
applied with a bottom-up enumeration. To see a specific example, consider the directed path
graphs (recall that these are obtained by requiring T (v) to be a directed path after making
the host-tree directed, but the edge-directions need not come from rooting the host-tree).
This is a strict superclass of RDV graphs, for example the graph in Figure 4, which is also
known as 4-trampoline, is a directed path graph but not an RDV graph since it is not even
strongly chordal [13]. For any choice of root, every path T (v) becomes a subtree with at most
two leaves, and so the greedy-algorithm can be implemented in O(n log n) time (presuming
the host-tree was small). Unfortunately, this does not necessarily give a maximum matching,
see Figure 4.

This raises another natural open problem: Can we find a maximum matching in a
directed path graph quickly? Likely the answer is no, because inspection of the argument
in [10] (that a linear-time algorithm for Matching implies a linear-time algorithm for
PerfectMatching in any dense bipartite graph) shows that the construction is actually a
directed path graph.

4.2 Extension to other problem
There are many other natural graph problems where an easy greedy-algorithm exists that
finds the correct answer for some graph classes such as interval graphs or generalizations
thereof. Naturally one wonders whether the run-time of such greedy-algorithms could be
made sublinear for RDV graphs with the techniques that we have seen earlier. We will show
that this is indeed the case for the perfect k-clique packing problem (defined below). We

CGT
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G:

v1

v2

v4

v3

v5

v6

v7

v8

T :
v5, v6, v7, v8

v6, v7

v1, v6, v7

v5, v7

v2, v5, v7

v3, v5, v8 v4, v6, v8

Figure 4 A directed path graph that is not strongly chordal. Correspondence of paths to vertices is
shown via colors/dash-style, and one possible bottom-up enumeration is given. With this bottom-up
enumeration, the greedy-algorithm would choose matching (v1, v6), (v2, v5), (v3, v8) and leave v4

and v7 unmatched even though the graph has a perfect matching.

have also been able to develop sublinear greedy-algorithms for the dominating set problem
and the independent set problem in RDV graphs, but these involve different techniques and
data structures and we refer the interested reader to [16].

The perfect k-clique packing problem is defined as follows. Given a graph G and an
integer k, we want to test whether there exists a partition V1, V2, ...V n

k
of the vertex set V

such that for every i, the graph induced by Vi is a k-clique, i.e., a complete graph on k

vertices. For k = 2 this is exactly the question of finding a perfect matching.
Dahlhaus and Karpsinski [10] studied perfect k-clique packing (which they called perfect

k-multidimensional matching) and showed that if a strongly chordal graph has a perfect
k-clique packing, then a natural greedy strategy (see Algorithm 3) finds it.

Algorithm 3 Greedy-algorithm for perfect k-clique packing

Input: A graph G with a vertex order v1, . . . , vn

1 initialize the packing M = ∅ and mark all vertices as “unmatched”
2 for i = 1, . . . , n do
3 if vi is “unmatched” then
4 if vi has at least k − 1 unmatched neighbours then
5 let vj1 , vj2 , . . . , vjk−1 be the k − 1 smallest unmatched neighbours of vi

6 add {vi, vj1 , . . . , vjk−1} to M , and mark all these vertices as “matched”
7 else return “no perfect k-clique packing”

8 return M

This algorithm will take O(n + m) time when implemented in the obvious way. However,
it again only requires to find, for each vertex vi, the unmatched neighbours that come later
in the order, and among those, the ones that minimize the index. We can perform this in an
RDV graphs with our techniques by doing k−1 range minimum queries per vertex vi. Since
this marks k vertices as matched, we therefore do O(n) range minimum queries in total,
which means that the run-time in RDV graphs gets reduced to O(n log n). See Algorithm 4.

▶ Theorem 10. Given an n-vertex graph G with an RDV representation with host-tree T ,
and given an integer k, we can test in O(|T |+ n log n) time whether G has a perfect k-clique
packing.
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Algorithm 4 Reformulated greedy-algorithm for perfect k-clique packing in RDV graphs

Input: An RDV graph G with a bottom-up enumeration vertex order v1, . . . , vn

1 initialize the packing M = ∅ and mark all vertices as “unmatched”
2 initialize an empty priority search tree P
3 ycurr =∞
4 for i = 1, . . . , n do
5 yprev ← ycurr; ycurr ← y(t(vi))
6 if (ycurr < yprev) then
7 for all vertices vq with yprev > y(b(yq)) ≥ ycurr do
8 insert the tuple [x(b(vq)), q] of vq into P

9 if vi is “unmatched” then
10 delete the tuple of vi from P
11 for ℓ = 1 to k−1 do
12 perform a range minimum query in P w.r.t. the x-range of h(vi)
13 if this returns null then return “no perfect k-clique packing”
14 else let [·, iℓ] be the returned tuple and delete it from P
15 add {vi, vj1 , ...vjk−1} to M , and mark all these vertices as “matched”

16 return M
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A The graph of Figure 1
We claimed earlier that the graph in Figure 1 is neither a circular arc graph nor a permutation
graph, and we briefly argue this here. It suffices to prove that this holds for an induced subgraph G

of this graph, shown in Figure 5.

v3v5

v6

v7

v2

v8v1

Figure 5 The graph G (an induced subgraph of the graph of Figure 1) and a circular arc
representation of G \ {v1}, with vertex-arc correspondences indicated by colors/dash-style.

Most of our argument considers only the graph G \ {v1}. This is well-known not to be a
comparability graph [18, Figure 5.1], and since permutation graphs are subgraphs of comparability
graphs and closed under vertex-deletion, G is not a permutation graph.

Next observe that vertices {v2, v3, v8} form what is known as an asteroidal triple: any two of
them can be connected via a path that avoids the neighbourhood of the third. No such structure
can exist in an interval graph. In fact, G \ {v1} is known to be an obstruction for Helly circular-arc
graphs [23], i.e., it does not have a circular arc representation where for every clique C the arcs
of vertices in C all share a common point. Since {v5, v6, v7} is the only clique of size exceeding 2,
therefore in any circular arc representation of G \ {v1} the three arcs of v5, v6, v7 do not share a
common point. To still have pairwise intersections, these three arcs together cover the entirety of
the circle. But then we cannot add an arc for v1 anywhere since it has no edge to any of these three
vertices. Therefore G is not a circular arc graph.

B Proof of Theorem 4
We want to show that the greedy-algorithm, applied to a bottom-up enumeration of an RDV
representation, gives a maximum matching. By a result of Dahlhaus and Karpinski [10], it suffices
to show that the bottom-up enumeration is a strong perfect elimination order. We define this first.

▶ Definition 11. For a vertex v, let N [v] be the closed neighbourhood of v, i.e., the set consisting
of v and all neighbours of v. A vertex order v1, . . . , vn is called a strong perfect elimination order if
for any integers i, j, k, ℓ ∈ {1, . . . , n} such that i ≤ j, i ≤ k, k ≤ ℓ, vk, vℓ ∈ N [vi] and vk ∈ N [vj ],
we have vj ∈ N [vℓ].

Dahlhaus and Karpinski showed that the greedy-algorithm gives a maximum matching if performed
on a strong perfect elimination order, so to prove Theorem 4, it suffices to show the following.

▶ Lemma 12. Let G be an RDV graph with a given RDV representation. Then any bottom-up
enumeration of G is a strong perfect elimination order.

Proof. Let v1, v2, ..., vn be a bottom-up enumeration of G, and fix i, j, k, ℓ as in Definition 11. First,
observe that (since all paths are downward) if va ∈ N [vb] for some a ≤ b, then t(va) ∈ P (vb).
Therefore t(vi) ∈ P (vk), t(vi) ∈ P (vℓ), so P (vk) ∩ P (vℓ) ⊇ {t(vi)} is non-empty, hence vk ∈ N [vℓ]
and t(vk) ∈ P (vℓ) by k ≤ ℓ. We have two cases:
Case 1: k ≤ j. This implies that t(vk) ∈ P (vj). As we already know that t(vk) ∈ P (vℓ), this makes
P (vj) ∩ P (vℓ) ⊇ {t(vk)} non-empty and vℓ ∈ N [vj ] as required.
Case 2: j < k. This implies that t(vj) ∈ P (vk) is a descendant of t(vk) ∈ P (vℓ). By i ≤ j also
t(vi) ∈ P (vj) is a descendant of t(vj). Going upward in the tree from t(vi), we hence begin at a
node in P (vℓ), go upward to t(vj), and further upward to t(vk) which is in P (vℓ). Since P (vℓ) is
connected, therefore t(vj) ∈ P (vℓ) and vj ∈ N [vℓ] as desired. ◀
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