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—— Abstract

For any finite set of points P in general position in the plane, we consider the drawing of the
complete graph with vertex set P, whose edges are the straight-line segments joining pairs of points.
The crossing number of P is the number of pairs of segments that intersect in their interior. The
minimum crossing number over all such sets P of n points is known as the rectilinear or geometric
crossing number of the complete graph K,,. The problem of determining this crossing number was
posed by Erdés and Guy in the early 1970s and, although it has been extensively studied, it remains
open to this date with exact values known only for n < 27 and n = 30. In 2010, it was conjectured
that whenever the number of points is a multiple of 3, there are crossing optimal point sets with
3-fold (triangular) rotational symmetry. Motivated by this conjecture, this paper provides lower
and upper bounds for sym-¢r,,(Ky), the rectilinear crossing number of K, when the minimum is
restricted to m-fold symmetric configurations of points in the plane. Our bounds coincide for even
m, which surprisingly provides the exact value
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1 Introduction

In a drawing of a simple graph G (on the plane), the vertices of G are represented by points in
the plane, and the edges are curves joining the vertices. We assume that the edges are never
tangent to each other and that the interior of any edge does not contain any vertices. Two
edges cross if they intersect in their interior (sharing an endpoint is not considered a crossing).
If more than two edges cross at the same point, we count the crossing with multiplicity; that
is, if k edges cross at the same point, this point represents (g) crossings. The number of
crossings in a drawing D of a graph is denoted by Cr(D). The minimum number of crossings
over all drawings of a graph G is denoted by cr(G) := min{Cr(D) : D drawing of G}.
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In the 1940s, Paul Turdn [43] considered this problem for complete bipartite graphs and
due to its history [23] the problem is now known as the Brick Factory Problem. Independently,
Harary and Hill studied the problem for complete graphs [37] and conjectured that
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This conjecture remains open; however, in the last 10 years a great deal of progress has
been made [2, 3, 17, 20]. These results were based on tools that were first developed for a
related problem, where the minimum number of crossings is taken over a smaller family of
drawings. Namely, those known as rectilinear or geometric drawings of G, where the set
of vertices is in general position (no three points on a line) and the edges are straight line

segments. In this context, we define the rectilinear or geometric crossing number of a graph
G, denoted by ¢r(G), as the minimum number of crossings over all rectilinear drawings of G.

The problem of determining the rectilinear crossing number of the complete graph, cr(K,)
(see Figure la), was posed by Erdés and Guy in the early 1970s [29, 34] and has been
extensively studied since then [1, 10, 12, 18, 19, 20, 21]. It is equivalent to finding the
minimum number of convex quadrilaterals determined by n points, because two edges in a
rectilinear drawing cross if and only if they are the diagonals of a convex quadrilateral, see
Figure 2. Since a rectilinear drawing D of a complete graph is determined by the location of
its set of vertices P, we typically write Cr(P) instead of Cr(D). Note that cr(K,) < er(Kp);
in fact cr(K,) < cr(K,) for n > 8 [8, 34, 35, 40]. The exact value of ¢r(K,,) is only known
for n < 27 and n = 30 [6, 15, 18, 19, 24, 25, 35]. An important tool that allowed the
determination (or verification) of these values for n < 18 is a comprehensive database of
order types with up to 11 points [18, 19, 22, 39]: two labeled point sets have the same order
type when the corresponding triples have the same orientation (which determines 4-tuples
in convex position). The database is maintained online [16] and is a great resource for
experimentation in combinatorial geometry.

In this paper, we consider configurations of points with (rotational) m-fold symmetry,
that is, sets P for which there is a 2Z-rotation R such that R(P) = P (m = 2 corresponds
to central symmetry). In this case, the m-rotational orbit of a point x € P is the set of
points [z] := {z, R(z), R*(z),...,R™ (z)} C P. We study the rectilinear crossing number
of K,, when the minimum is restricted to vertex sets of n points with rotational m-fold
symmetry (see Figure 1bc). This crossing number is denoted by sym-cr,,(K,,). Our main
contribution is establishing the exact value of this crossing number, sym-cr,, (K, ), when m
is even (Theorem 4), and providing strong upper and lower bounds when m is odd (Theorem
5).

The latest improvements on the quest for determining ¢r(K,,) use the following approach:
Let P be a set of n points in general position in the plane (no 3 points on a line). For an
integer 0 < k < n/2, we say that a pair of points {p,q} C P, or equivalently the segment
pq, is a k-edge of P if the line spanned by p and ¢ separates exactly k points of P from
the remaining n — k — 2 points, see Figure 3. Note that any pair of points in P is a k-edge
for some k and that the condition that & < n/2 always points to the lighter side of the
corresponding segment. For example, any segment in Figure 3¢ separates 2 points of P from
the remaining 4. Then each segment is a 2-edge and not a 4-edge. An at-most-k-edge is a
j-edge for some j < k. We denote the number of k-edges and at-most-k-edges of P by Ex(P)
and E<y(P), respectively.

A strongly related concept is that of k-sets: A set Q@ C P is a k-set of P if there is
a straight line that separates @ from P\ Q. Rotating a separating line for a k-set until
it hits a point on each side yields a (k — 1)-edge, and this correspondence is bijective, so
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max # crossings some # crossings min # crossings
(a) general
sets

70 crossings 60 crossings 19 crossings
(b) 4-fold
symmetry

70 crossings 50 crossings 38 crossings
(c) 3-fold
symmetry

15 crossings 6 crossings 3 crossings

Figure 1 Comparing crossing numbers. Any set of n points in convex position determines (Z)
crossings, the maximum possible as shown in the first column. (a) Sets of n = 8 points, the third
drawing is crossing optimal with ¢r(Kg) = 19 crossings. (b) Sets of 8 points with 4-fold symmetry,
the third set is crossing optimal under the 4-fold symmetry restriction with sym-cr4(Kg) = 38
crossings. (c) Sets of n = 6 points, the third set is crossing optimal (with or without the 3-fold
symmetry restriction) with sym-crs(Ks) = ¢r(Ks) = 3 crossings.

counting k-sets is equivalent to counting (k — 1)-edges. The notions of k-sets and k-edges
go back to early work by Erdés, Lovdsz, Simmons, and Straus [30], who introduced these
parameters in the 1970s. Beyond their intrinsic role in extremal combinatorial geometry,
k-edges (equivalently k-sets) are a standard proxy for the “combinatorial complexity” of
a point configuration: they appear in range searching [13, 26, 42], geometric optimization
[27, 28, 41], and in algorithmic contexts where one needs to understand the evolution of
separations under motion or rotation (see, for example, [14, 36, 38] for applications to motion
planning algorithms in robotics).

In our setting, their importance is amplified by the fact that the crossing number of a set
of points P can be expressed in terms of a weighted sum of its numbers of k-edges (Theorem
1). The key is to count pairs of edges that do not cross: fix an oriented edge ]ﬁ and note

RAR PRP

Figure 2 (a) The two essentially different rectilinear drawings of K4: convex position (a crossing)

and not convex position (no crossing), respectively. (b) A rectilinear drawing of K5 with 3 crossings.

(c) Each crossing in part (b) is identified with a (shaded) convex quadrilateral.
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that p with any point to the right of @ and ¢ with any point to the left of ﬁ form a pair
of non-crossing edges. Hence, the k-edges keep count of how many pairs of non-crossing
edges are associated to each edge. Summing the appropriate weights over all k-edges and
subtracting from the total number of pairs of edges produces an exact expression for the
total number of crossings (and an equivalent form in terms of E<j(P)).

» Theorem 1 (Crossing number identity [8, 40]). Let D be a rectilinear drawing of the complete
graph K, with set of vertices P. Then

n |n/2]—1
Cr(D) = 3(4) — Y k(n—2-k)Ex(P)
k=0

(S sk nmae) 10 rascrag(5)

k=0

The relevance of this connection between E<y(P) and ¢f(K,,) became evident when the
authors [8] and, independently, Lovész et al. [40] proved that E<y(P) > 3(’“52), which
together with Theorem 1 provided a significant improvement to the previously best known
lower bound for ¢r(K,). Since then, improvements to this crucial inequality on the number of
at-most-k-edges have automatically provided better lower bounds on ¢r(K,). For a broader
overview of the landscape around the problem of determining ¢r(X,), including its connection
to at-most-k edges, halving lines, and k-sets, we refer to the survey by the authors and
Salazar [12]. In contrast to the original problem, there is no conjectured value for er(K,).
The closest approximation is a conjecture in [5] stating that (if 3 divides n) the rectilinear
crossing number is achieved by sets with 3-fold symmetry; and a bound for sets known
as 3-decomposable. Since then, the study of the rectilinear crossing number for sets with
rotational symmetry gained interest. Recently, the case where the minimum is restricted to
the family of centrally symmetric drawings (2-fold symmetry), denoted by €res(K2,), was
considered in [7]. There, they proved the following result, which is probably the first identity
for the rectilinear crossing number of a large family of rectilinear drawings of K,.

» Theorem 2 (Centrally symmetric identity [7]). For any even positive integer n, we have

) 2@2) . @2)2 _ ;(ZD + ;<n£2>

Their proof was based on Theorem 1 together with the following tight bound on the
number of at most k-edges.

aA) b; A N C)A d)/%L\ ﬁ §
E,(P)=3 E,(P)=6 E,(P)=12 E,(P)=7 Cr(P)=21

Figure 3 Five copies of a set P of 8 points in general position. The first four copies show the k-edges
of P for k = 0,1, 2, and 3, respectively. The last copy shows the complete graph with vertex set P and
its crossing number. Here E<o(P) = Eo(P) = 3,E<1(P) = Eo(P) + E1(P) =346 =9,E<2(P) =
Eo(P) —+ El(P) =+ EQ(P) =3+6+12 = 21, and Egg(P) = Eo(P) =+ El(P) —+ EQ(P) =+ E3(P) =
3+6+124+7=28= (2), which is the number of edges in Ks.
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» Lemma 3 (Lemma 2.1 in [7]). For any centrally symmetric set P of n points in general
position in the plane, n even, and for any k <n/2 —1,

Eo(P) > 4(’“ + 2).

2

Our main tool is a sequence of m-fold symmetric analogues of the standard “at-most-
k-edge” lower bounds. Concretely, we prove a recursive inequality describing how E<(P)
changes when one removes an entire rotational orbit on the convex hull (Lemma 6); this in
turn yields our crucial k-edge bound for m-fold symmetric sets (Lemma 7). Combined with
the crossing number identity (Theorem 1), this immediately implies a new lower bound for
the crossing number under symmetry constraints.! A striking feature is that the behavior of
the crossing number differs substantially depending on the parity of m. When m is even,
we show that this lower bound is tight by an explicit construction presented in Section 3.2,
settling the crossing number of symmetric configurations with even symmetry as follows
(note that Theorem 4 agrees with Theorem 2 when m = 2):

» Theorem 4. For positive integers m and n such that m is even and m|n, we have

m=3()3(2) 5075 )

The situation for odd m is more complicated. We first improve the bound in Lemma
7 for k > (%) 5 (Lemma 9). This improvement relies on the use of allowable sequences,
introduced by Goodman and Pollack in the 1980’s [31, 32, 33], which allow for a tighter
comparison of the k-edges of a set and the set without an orbit (Lemma 8). Based on
the central argument in [6], we further improve Lemma 9 for £ > 5 — & (Lemma 13).
These improvements on the crucial lemma (see Figure 4) together with Theorem 1 yield our
lower bound for odd symmetry. We complement this bound with an explicit construction,
presented in Section 4.2, that matches the lower bound up to the O(1/m?) term in the

leading coefficient. This results in the two-sided bounds in the next theorem.

» Theorem 5. For positive integers m > 3 and n such that m is odd and m|n, we have

1 m-1 97m — 31 )(n

T > (2= — 3
sym-Crm () 2 (2 2m2  270m3(m + 1) 4) +O0)

and for m > 5,

SymTE (Ko) < (; _ ”;;;) (Z) + o).

It is customary to normalize by (Z) (rather than by n*). This is because, as stated above,
each crossing in a rectilinear drawing of K,, is determined by a unique set of four vertices in
convex position. Thus H(Kn)/(Z) can be interpreted as the density of convex 4-tuples.

The paper is organized as follows: In Section 2, we present our crucial lemma and its
improvements for odd symmetry (Lemmas 7, 9, and 13). We then focus on even symmetry
in Section 3, where we prove Theorem 4 starting with the lower bound in Section 3.1 using
Lemma 7 and Theorem 1; followed by the matching upper bound given by our construction

1 We explicitly provide this process only for even m in Section 3.1 because the rest of our work improves
the corresponding bound for odd m.
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Odd Symmetry Lemma 13
(==
(m odd) 1 n
3 2m
Lemma 9
—
2. n_
Lemma 7 3 2m
| 1 1 n1 n
m-1n 273 9m
m 2 /
I t + 1
0 —
n n . n

Figure 4 The crucial lemmas for odd rotational symmetry (m odd). Lemmas 7 and 9 coincide
when 0 < k < (mT_l) % but Lemma 9 is better for larger k. Lemma 13 is better than Lemma 9 for

k close to 3.

in Section 3.2. In Section 4, we move on to odd symmetry, where we prove Theorem 5:
The lower bound in Section 4.1 follows from Lemmas 9 and 13 together with Theorem 1;
and the construction in Section 4.2 settles the upper bound. In Section 5, we conclude by
presenting a discussion on how our bounds for odd symmetry could potentially be improved
and proposing some open questions.

2 Crucial lemma: lower bounds on at-most-%-edges

This section develops the main technical tool used throughout the paper: lower bounds
on the number of at-most-k edges determined by an m-fold symmetric point set. Recall
that our ultimate goal is to lower-bound the crossing number via the crossing number
identity (Theorem 1), which expresses Cr(P) as a weighted sum of the quantities E<(P).
Thus, any improvement on F<(P) immediately translates into a stronger lower bound on
Sym-Cr,, (Ky,).

Our starting point is a recursive inequality that compares E<y(P) with the corresponding
quantity after removing one full rotational orbit on the convex hull (Lemma 6). Iterating
this inequality yields an explicit baseline bound for all m (Lemma 7), which is tight for even
m and forms the backbone of the proof of Theorem 4.

When m is odd, the baseline bound can be sharpened in two ranges of k. In Section 2.1, we
use circular/allowable sequences to capture additional transpositions that are not accounted
for by the orbit-removal recursion, leading to a mid-range improvement (Lemma 9). In
Section 2.2 we adapt the central-range approach of [6] to obtain our strongest bound for k
close to n/2 (Lemma 13). Figure 4 summarizes how these bounds compare and which one is
used in each range.

» Lemma 6. Let P be a set of n points in general position in the plane and 0 < k < [n/2]—2
an integer. Suppose P is m-fold symmetric and consider a point x in the convex hull of P.
Let P! = P — [z], where [z] C P is the m-rotational orbit of x. Then

E<i(P) > E<i—m/21(P") + 2m(k + 1) —m - min(k + 1, [m/2] — 1).

(Note that E<;(P) =0 for negative values of j.)
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Proof. Let P’ be the set obtained from P by removing the m points of [z]. Note that P’
is an m-fold symmetric set of n — m points. Consider an edge e of P (any line passing
through two points of P) and let £ be the line parallel to e passing through the center
of symmetry of P. Note that ¢ divides [z] in almost half, leaving at most [m/2] points
on each side. Since the smaller side of e is contained on one of the two sides of £, then e
leaves at most [m/2] points of [x] on its smaller side. This means that if ¢’ is a j-edge
of P/, then €’ is an at-most-(j + [m/2])-edge of P. Therefore, for any k < [n/2] — 2 any
at-most-(k — [m/2])-edge of P’ is an at-most-k-edge of P. And none of these at-most-k-edges
is incident on points of [x].

Because the points of [z] are on the convex hull of P, each of them participates in exactly
two j-edges for each 0 < j < [n/2] — 2. This gives at most 2m(k + 1) at-most-k-edges of
P incident on points of [x]. However, some of these edges may be incident to two points
of [z]: as many as m(k + 1) when k& < [m/2] — 1 and as many as m([m/2] — 1) (all
pairs of [z], except its halving lines when m is even) when k& > [m/2] — 1. In summary,
there are at least E<p_rp/21(P’) at-most-k-edges of P not incident on [z], and at least
2m(k 4+ 1) —m - min(k + 1, [m/2] — 1) at-most-k-edges of P incident on [z]. <

» Lemma 7. Let m be a positive integer. For any set P of n points with m-fold symmetry
and for any 0 < k < [n/2] — 2, we have that

4 (1 - mL_H) ((’“52) - (Tgl)) +mr  if m is odd,
E<y(P) > (1)
4 ((kf) - (T'gl)) +mr  if m is even,

where k + 1 = r mod [m/2].
Proof. If 0 < k < [m/2] — 2, then r = k + 1 and min(k + 1, [m/2] — 1) = k + 1. Then, by
Lemma 6, E<(P) > 04 m(k + 1) = mr matching the right-hand-side of (1).

If k = [m/2] — 1, then » = 0. By Lemma 6,

E<i(P)>0+2m(k+1) —m-min(k + 1,k) = m(k + 2)

m o+2

2m <k+2) 2m <k+2> 4(m—+1)(’“2) if m is odd,

E+1\ 2 [m/2]\ 2 4(’“;2) if m is even,

matching the right-hand-side of (1).

We prove the result by induction on n. The inequality holds for n = m because a
k-edge of a set of m points is an at-most-([m /2] — 1)-edge (proved above). Now let n > m
and assume that the inequality holds for any m-fold symmetric set of n points and any
k < [n/2] — 2. Consider any m-fold symmetric set P of n 4+ m points. Let « be a point on
its convex hull and P’ be the set obtained from P by removing the m points of [z]. Note

that P’ is an m-fold symmetric set of n points and so it satisfies the induction hypothesis.

We already proved the result holds for k£ < [m/2] — 1. Assume that & > [m/2]. Note that
(k—[m/2])+1=k+1=r (mod [m/2]). By Lemma 6,
E<i(P) > E<i_m/21(P") 4+ 2m(k+1) —m - min(k 4+ 1, [m/2] — 1)
4 (miﬂ) ((k+272rm/21) — (“51)) + mr if m is odd,

m
>m (2k +3 [ED + 4 <(;€+272(m/2l) _ (rerl)) + mr if m is even. ?
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Since

() = (157) -3 5 e [3)

then the right-hand-side of (2) equals

1 (5m) (59 = (51 +mr

+(2k+3 - [2]) (m—2- 25 =) ifmis odd,

4((437) = (751) +mr+ (2k+3 - [2]) (m =2 %) if mis even,

4 (1 — #H) ((k;LZ) — (’”;1)) + mr if m is odd,

4 ((k;rz) - (T§1)> + mr if m is even.

2.1 Odd symmetry: mid-range improvement of the crucial lemma

In this section, we improve Lemma 7 for odd m using circular sequences (or more generally,
allowable sequences), which were introduced by Goodman and Pollack in the 1980s [31, 32, 33]).
We use the terminology and observations in [4, Section 2]. In short, the combinatorial
properties of a set P of n points in the plane are encoded by its circular sequence, a doubly-
infinite periodic sequence of permutations of the set {1,2,...,n}. These permutations record
the order in which the points of P are projected onto a directed line that is continuously
rotated (counterclockwise) in the plane. If P is in general position (no three points on a
line), then the order changes only at finitely many different directions, and each change
corresponds to a set of pairwise disjoint transpositions of adjacent elements (points whose
projections coincide). In general, several such transpositions may occur at the same direction
(for example, when multiple pairs span parallel lines).

A 180°-rotation of the line is enough to generate the entire sequence. This corresponds to
a halfperiod of the circular sequence and is generated by exactly (72’) transpositions, one per
pair of points in P, occurring at h different directions for some h < (Z) We typically write
such halfperiod as an (h + 1) x n arrangement, whose rows are the ordered permutations
and a row is obtained from the previous row by some transpositions of consecutive elements
(Figure 5-left shows the circular sequence of a regular 9-gon, it has halfperiod of length h = 9).
A transposition involving the elements in positions k& and k + 1 or in positions n — k and
n —k+ 1 (positions k and k + 1 from the right) of a permutation is called a k-transposition.

In this context, (k 4 1)-transpositions correspond to k-edges. The lower bound in Lemma
7, counts < (k 4 1)-transpositions of two types: those involving at least one of the m points
that are removed during the induction and those that are (< k+1— (m+1)/2)-transpositions
in P’. However, there might also be (k 4+ 1 — (m — 1)/2)-transpositions in P’ that are
(k + 1)-transpositions in P, and such < (k 4 1)-transpositions have not been counted by
the lower bound in Lemma 7. We show that when m is odd and k is large enough, such
transpositions always exist. More precisely,

» Lemma 8. Ifm is odd and 5+ - - < k < [2]—2, then there are at least m(k+1) — 27 tn
different (k + 1)-transpositions of P that are (k + 1 — 1) -transpositions of P'.
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M Figure 5 The structure of a 9-fold symmetric circular sequence to illustrate the description in
the proof of Lemma 8. (Left) The convex hull P of the set P is a regular 9-gon, the remaining
points of P are in the center of the star formed by its main diagonals. A halfperiod of the circular
sequence of OP is included. The circled pairs indicate the transpositions that occurred from the
previous permutation. (Right) A description of a halfperiod of the circular sequence of P, including
the start and end of the permutations obtained by transpositions of elements of 9P. Each of these
elements transposes with the remaining n — 9 points in consecutive permutations moving across the
circular sequence between permutations (rows) s; and t; for some 1 <7 <9.
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Proof. Denote by 0P the set of points of P in the boundary of its convex hull. Consider any
point z € 9P. By an argument similar to that in [4, Lemma 4], we can modify P without
increasing the number of at-most-k-edges and preserving the m-fold symmetry by moving x
(together with its orbit) away from the center of P along a line through « that halves the rest
of the set P and is not parallel to any other connecting line. Moving x far enough guarantees
that OP consists of exactly m points (the orbit of x) and that the rest of the points of P are
in the center of the star formed by the halving lines of P. Moreover, we can assume that
the rest of the points are as far as needed from 9P so that all transpositions of any element
of OP with the elements of P — 0P occur consecutively on the circular sequence of P. Let
7w = {mo, 71, T2, ..., 7} be a half-period of the circular sequence of P, with mp = (1,2,3,...,n)
showing the points of P in its first (m + 1)/2 and last (m — 1)/2 positions and such that
the first n — m transpositions of 7 are transpositions of the point (m + 1)/2 with the points
in P — QP (see Figure 5). Then there exist 1 = s1 <1 < s9 <ta,...,< S < by, such that
each permutation in {r,,, 7y, 41,..., 7, } is obtained by a transposition with the ' element
of OP along the cycle (star corresponding to the circulant of P with jump (m + 3)/2) with
vertices (m+1)/2, (m+3)/2,(m—3)/2,(m+7)/2,...,1,m,2,m—2,4,m—4,...,(m-1)/2if
mmod4 =1or (m+1)/2,(m+3)/2,(m—3)/2,(m+7)/2,...,m,1,m—1,3,m—3,...,(m—
1)/2 if m mod 4 = 3.

Partition the columns of 7 into 3 regions: the left region L formed by the first k + 1
elements of each row, the central region C formed by the next n — 2(k + 1) elements of each
row, and the right region R formed by the last k + 1 elements of each row. This partition of
7 inherits a partition of row r into the sets L(r), C(r), and R(r). For 1 <i < (m —1)/2, let

Ui = L(Sgi_l) N (C(tzi - 1) U R(tgi — 1)),
Vi=V._1nN R(tgi), where Vy = R(l),
W,' = ‘/z N (L(32i+1 — 1) U C(Sgi+1 — 1)), and W() = @

Because an element of V;_1 that is not in V; either belongs to W;_; or must be replaced
by one of the n — 2(k + 1) elements of C(t2;—1) or by an element of U;, then

Vil = [Viea| = [Wiza| = (n = 2(k + 1)) — |Usi].
Since |Vp| =k + 1,

(m—3)/2
m—1
Vin-1yy2l 2 (k+1) = ——-(n=2(k+1)) - > (Ul +Wil) = Uy al.

i=1

Finally, note that each element of U; is involved in a k-transposition from row j to j + 1 for
some to;_1 < j < $o; and by taking the last such transposition (so that it involves exactly
one element of U;), we have a total of at least |U;| different k-transpositions in that range.
Similarly, there are at least |W;| different k-transpositions from row j to j + 1 for some
to; < j < S2i41. (Although this holds for i = (m —1)/2, we only use it for 1 <4 < (m —3)/2
in order to avoid double counting transpositions in the next argument.) Finally, any element
of Vi;—1)/2 is involved in a k-transposition involving elements in positions n — k — 1 and
n — k from some row j to j + 1 for some t,,_1 < j < s, or in a k-transposition involving
elements in positions k£ + 1 and &k + 2 from some row j to j 4+ 1 for some j > t,,. Therefore,
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the number of desired k-transpositions is at least

(m—3)/2
Vim—1)/2| + Z (U] + W3] + [Ugm—1) 2
=1

2(k+1)—mT_l~(n—2(k+1)):m(k+1)—m_l

n.

Our new lower bound is a direct application of Lemma 8.

» Lemma 9. Let m > 3 be odd. For any set P of n points with m-fold symmetry and for
any 0 <k < [n/2] -2,

s o1 (2) () (57 oomon( T £

where k+ 1 = r mod [m/2].

Proof. A (k + 1)-transposition in Lemma 8 corresponds to a k-edge of P. Then, when

k> m=L. 2 the lower bound for E<j(P) in Lemma 7 for m odd increases by

k—m=1 n
zk: m(‘+1)7m—1n = i:m m("+m7_1 £+1)*m_1”
J 2 o ’ 2 " ’
j:m,*l,ﬁ =0
2 m
k_an—l,% k m—1 o492
./ m
=m Yy ( +1)—m< P >

2.2 Odd symmetry: central-range improvement of the crucial lemma

The equivalent version of the previous lemma for arbitrary point sets was shown to be tight
for 0 < k <4n/9 in [6]. In that same work, the authors proved an inequality for at-least-k
edges. As the name suggests, the number of at-least-k edges of a point set P is defined as
E>i,(P) = () — E<—1y(P) = Z]Ll/,fJ_l E;(P). With this new result they were able to
further improve the lower bound for E<y(P) on the range 4n/9 < k < n/2. In this section,
we follow the same strategy to improve our lower bound for m-fold symmetric sets. We first
show how we can generate a recursive sequence (uy) of improved bounds beginning with an
already established bound u,_; < E<p_1(P) for a suitable value b. Next, we show how to
estimate these new bounds uy, and we apply these results together with Lemma 9 from the
previous subsection. We use the following result from [6], which we have reworded for point
sets:

» Lemma 10 (Theorem 1 in [6]). Let P be a set of n points and m = (mwg, 71,...,7x) be a
halfperiod of the circular sequence defined by P. For every integer k, 1 < k < n/2, define
C(k,m;) as the set of elements in the middle n — 2k positions of m;, and

s (k,m) = min {|C(k, 7o) N C (k, ;)| : 0 <i < (3)}.
If s = s(k,n), then

By (P) < (n—2k—1) By (P) — 5

> 2(E;,ﬂ,l (P)—n+1).

5:11
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5:12 Bounds on the Crossing Number of m-Fold Symmetric Configurations of Points in the Plane

The following result gives improved lower bounds for the range b < k < (n — 3)/2,
provided that the initial lower bound up_; < Ep_1(P) is good enough.

» Lemma 11 (Generalization of Theorem 2 in [6]). Let n/4 <b—1< (n—3)/2. For each
k> b—1, define the following recursive sequence: the initial term up_1 is a lower bound of
Eg(bfl) (P), that iS, Up—1 < ES(bfl)(P% and

up = L_;k_z ((Z) +(n—2k — 3)uk1)-‘ for k> b.

Ifup—1 < (5) — (n—1)(n — 2b— 1), then for every k such that b—1 <k < (n— 3)/2,
Egk(P) Zuk.

Proof. We proceed by induction on k. If & = b—1 the result holds by assumption. Let 7w be an
arbitrary half-period of the circular sequence of P. Assume that k > b and E<_1(P) > up_1.
Let s = s(k+ 1,7); by Lemma 10 (applied to k + 1),

Esps1 (P) < (n— 2k = 3) B (P) = 5 (Bi (P) — (n—1)).

If s=0or Ex(P)>n—1, then Esp41(P) < (n— 2k — 3)E,(P). Thus

(5) - BaalP) < (020 - ) (Bas(P) - Beaa(P)).

and by induction

E<x(P)> ———— ank 5 (( ) (n— 2k —3)Ecy_y (P))

> - _ _
S Qk B ( ) n 2k 3)uk1> s

which implies that E<j(P) > ug by the definition of u;. Now assume s > 0 and Ex(P) < n—1.
By Lemma 10,

Bsrsa(P) < (n—2k = 3)Ex(P) = 5 (Ex(P) — (n—1))
- (n72k—3f§)Ek(P)+§(n71).

Note that s = s(k + 1,7) < n — 2k — 3 because at least one of the n — 2k — 2 elements of
C(k + 1,m) must leave the middle n — 2k — 2 positions. Because Ej(P) < n — 1, it follows
that

Boraa(P) S (n=2k=3—)(n—1)+ 5 (n—1) = (n—1)(n—2k - 3),

and so

n

BEy(P) = (2) — Bspi(P) > (;‘) —(n—1)(n—2k—3).

To finish the proof, we prove by induction that for b — 1 < k < (n — 5)/2,

(Z) —(n—1)(n— 2k — 3) > u.
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For the base case, note that by hypothesis
n
Up—1 < <2> —(n—1)(n—2b—-1)

Assume that k > b and ug—1 < (5) — (n — 1)(n — 2k — 1). By definition of wu,

= ﬁ ((g) +(n— 2k — 3)uk1>-‘

< ﬁ Kg) ¥ (n—2k—3) <(Z> —(n—1)(n— 2k — 1))”
= (’2‘) - %::;(n_ 1)(n — 2k—3)w < (Z) — (n—1)(n— 2k —3),
which completes the induction. <

The next lemma serves to estimate uy in the previous result.

» Lemma 12. If uy is defined recursively as in the previous lemma, then for b—1 <k <

(n—15)/2,

()R () o)

Proof. We prove this by induction on k. If kK = b — 1, then the right side of the inequality
equals up_1. Assume that k£ > b and

e ()R () )

By induction and the definition of wuyg,

1 n
> — 2k — _
uk_n2k2((2)+(n k 3)uk 1)
1 n n n—2k—4 n
> — 2k — Y i~ — up_
_n—2k—2<<2>+(n F 3)[<2> n—2b <(2> “” 1)])
n _n—2k:—3 n—2k—4 ny
o) Tn—2k—2V n-2 \\2) !
(Y \/m ny
=\2 n— 2b o) T M1)
We are now ready to present the best lower bound of E<(P) for k close to n/2. The new
bound depends on an initial lower bound. We use the result of Lemma 9 as our initial bound
up—1. We optimized the value b to obtain the best possible bound for m-fold symmetric sets,

and it happens to be at b=1/2 — 1/(6m). This is now the best improvement for at-most-k
edges for m-fold symmetric sets where & is close to n/2.

<

» Lemma 13. Let m > 3 be odd. For any set P of n points with m-fold symmetry and for
any n/2 —n/(6m) <k < [n/2] — 2,

Egnkfgp) = % - V;Z((;n;)l) M* © (i) '

5:13
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Proof. Let b — 1 = [n(3 — 5-)]. By Lemma 9, we know that

wy =4 PN (! +mr+m byt
EE R P | 2 2 2
is a lower bound of E<(,_1)(P) (where k + 1 = r mod [m/2]). Note that
wa_ 2m (11N m 11 (m=D\ (1
n?2  m+1\2 6m 2 \2 6m 2m n

_9m2—5m+2+® l
~ 18m(m+1) n)’

and

;<<Z) (nl)(n2b1)) 3’7;7;2+e(711).

Because (9m? — 5m + 2)/(18m(m + 1)) — (3m — 2)/(6m) = —(4m — 4)/(9m(m + 1)) < 0, it
follows that wy—1 < (5) — (n — 1)(n — 2b — 1) for n large enough. Therefore, by Lemma 11
and Lemma 12, if b— 1 <k < (n —5)/2, then

n n—2k—2 n
> ——= - .
ran)z (3) -5 () )

Finally, note that
1 n 2k (1 9m? —5m+2 1
— — 1l-—|zc———— | +06| -
2 n—2b n \2 18m(m + 1) n
1 2k "m—1 1
g~ Vim 1‘n(9mm+1>)+9<n)
1 V3m(Tm —1) 1_%_’_@ 1 .
2 Im(m + 1) n n

E<(P)

3 Even symmetry: exact crossing number

In this section, we prove Theorem 4. Throughout this section, m is an even integer. A
construction achieving the stated crossing number is presented in Section 3.2. To prove the
lower bound sym-ct,,(K,) > %(2) + %("42) + %(m/gfl)nQ, we use Theorem 1 followed by
Lemma 7.

3.1 Lower bound

Let D be a rectilinear m-fold symmetric drawing of the complete graph K, with set of
vertices P. For 0 < k < n/2 — 2, define rj so that k 4+ 1 = r; mod (m/2). Then

cr(P) = n}:ij(n — 2k — 3)E<(P) — Z (g) +(1+ (—1)”“)% (Z)
n/2—2

e (7))o= 10

k=0

Y
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We rewrite the previous expression by replacing each k by its value in terms of the integers
0<qr <n/mand0 <7, <m/2, where k + 1 = B q + 1.

n/2—2

R U IS
e Fq+r+1 +1 3
= Z<n—mq—2r—1>(4<2q " )—4(7° )+mr>—<n)
q=0 r=0 2 2 4\3
_ "3 2 2 oy L(n 1(n/2 nj m/2 — 1
_48(n 6n° + m“n — 6mn + 22n 12)_2<4>+2<2 + 5 ) )

3.2 Upper bound: a point set with low crossing number

For an even integer m, and an arbitrary positive integer J, we construct a set A; with
n = m.J points that achieves the minimum number of at-most-k-edges for every k& among
m-fold symmetric sets with n points; and consequently it also has the minimum number of
crossings among all m-fold symmetric sets with n points.

» Lemma 14. Let m > 0 be even. For every positive integer J, there is an m-fold symmetric

set Ay with mJ points such that

1. E<x(Ay) = 4((’“;2) — ("I1) + mr, for every 0 < k < mJ/2 —2, where k+1 =1
(mod m/2).

2. Cr(Ag) = 5(") +5("%) + ("5 (m)*.

Here is the construction. Let d = 2/sin(w/(m.J)). We define the m-fold symmetric set
Ay as follows (see Figure 6):

Ay =L (@eos (FPY7 =) wn (T2 =DV g<ca<m—_1.0<j<J—1},
mdJ mdJ

For every 0 <a<m—1and 0 <j <J—1 we use the notation
o w(2aJ — j) i (m(2aJ —j)
p(j,a) <d cos <mJ ,d’ sin — )

» Lemma 15. I[f0<j; <jo<J—1,0<a; <ay <m-—1, and (j1,a1) # (j2,a2), then the
line through p(j1,a1) and p(ja,az) s a halving line of the outermost m-gon in A, ; that is, it
separates the set {p(J —1,a): 0 < a <m — 1} into two parts each with m/2 points.

Proof. By rotational symmetry, assume that a; = 0 and for simplicity let as = a. Further-
more, by using a dilation by a factor of d~71, we can assume that j; = 0. Again by simplicity,
we let jo = j, and we note that now we need to prove that the line through p(0,0) and
p(j, a) halves the ¢ = J — j; outer m-gon; that is, it halves the set {p(c,b): 0 <b<m —1}.
Note that 0 < j <c¢—1,0<a <m—1, and (j,a) # (0,0). We will prove this assertion by
showing that the points p(c,b) and p(c,b+ m/2) lie on different sides of the line. To do this,
we will show that the determinants D and D’ that follow have different signs.

p(0,0) 1 p(0,0) 1
D=\ p(ja) 1 and D' = p(j,a) 1
p(e,b) 1 ple,b+m/2) 1

5:15
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5:16 Bounds on the Crossing Number of m-Fold Symmetric Configurations of Points in the Plane

m=4, 4y - B

Figure 6 The 4-fold symmetric (m = 4) sets Az and Ag described in the proof of Lemma 14. Since
any more than 3 layers would be virtually impossible to see, the set As is shown in logarithmic-polar
scale to appreciate the rotations from one layer to the next.

A direct calculation shows that

p(0,0) 1 i 1 ' i 0 . 1
D=|plj,a) 1|= &’ cos (m(2ad — 5)/mJ) d 51.n (m(2aJ —j)/mJ) 1
ple,b) 1 d°cos (w(2bJ — ¢)/mJ) d°sin(w(2bJ —c)/mJ) 1
i (m(2ad —j) o[ (m(2b] —¢) i (7(2aJ] —2bJ + ¢ — j)
= d’ sin (mJ) —d {sm (mJ) +d sm( — )] ’
and
1 0 1
D' = 28’3 1 _ | dcos(n(2a] —j)/mJ) & sin(n(2a] ~j)/mJ) 1
p(c,b m /2) 1 —d¢cos (m(2bJ — ¢)/mJ) —d®sin (m(2bJ —c)/mJ) 1

mJ mdJ mJ

We first deal with the case where 7 > 1. Because 1 < c¢—j < J — 1, it follows that ¢ — j £ 0
(mod J). Hence 2aJ — 2bJ + ¢ — j #Z 0 (mod m.J), and thus

Sin(ﬂ(2aj_2bj+c_j)>'Zsin(ﬂ.).

— & sin (”(W‘J)) +a {Sm <7W‘C>) i sin (”@‘U‘ W“‘j)ﬂ .

mJ mJ

It follows that

(ﬂ(QbJ — c)) + & sin <7r(2aJ —2bJ + c—g))’
mJ mJ

Sm <7r(2aJ _obJ + c—j)) ’ i <7r(2bJJ— c)) D

d° |sin

mdJ
> d° (dj sin (mij) - 1) = de@F — 1) > d°(2 - 1) = d°

> d° (dj

Zdj"_l >dj Zdj

(L0



B. M. Abrego and S. Fernandez-Merchant

Now assume j = 0. Note that ¢ > 1 and 1 <a <m —1. Because 1 < ¢ < J —1, it follows
that aJ — 2bJ + ¢ Z 0 (mod mJ), and thus

cos <W> ‘ > cos (g - %) = sin (%) .

Thus
2.J — , 2aJ — 2 —
d° sin(ﬂ(ch)>+dJsin<7T( aJ =267+ ¢ J)>’
el (R =Y g (7207 =207 +0)
el (Ta (m(aJ —2bJ +c)
= d° |sin (E) cos <mJ> ’

>d ‘sin (%a) ’ sin (%) =2 ’sin (%)‘
(8o ()] = (22 = o (222:2)

In either case, the previous inequalities show that the product DD’ is negative, and thus
p(c,b) and p(e, b+ m/2) lie on different sides of the line through p(0,0) and p(j, a). <

> 2 S

» Lemma 16. For every 1 <a <m/2 —1 the edge p(J — 1,0)p(J — 1,a) is an (a — 1)-edge
OfAJ.

Proof. Suppose that 1 < a < m/2—1. It is enough to show that the ray p(J —1,0)p(J —1, a)
leaves the set of points {p(J — 1,b) : 1 < b < a — 1} on its right side, and the rest of
points of A; on its left side. Because the set {p(J — 1,b) : 0 < b < J — 1} is a regular
m~gon, then among these points only those with 1 < b < a — 1 are on the right side of
p(J — 1,0)p(J — 1,a). To finish the proof, we show that the rest of A;, namely the set

A ={p(,b): 0<j<J—2,0<b<m—1} lies on the left side of p(J — 1,0)p(J — 1,a).

If J =1, this is vacuously true, otherwise if R denotes the distance from the origin to the
point p(J — 1,0), then the distance from the origin to the segment p(J — 1,0)p(J — 1, a) is
Rcos(ma/m), and by construction A’; is inside a circle of radius R/d = Rsin(n/(mJ))/2
centered at the origin. Finally,

o (22) 2 e (K1) o () 2 () n ()

s 71' 7r 1 1 T
S 9in (T ™ (mN L LT
_251n(mJ)cos(4)>25m( J) 1 2sm< J)’
thus A’ lies on the left side of the ray p(J — 1,0)p(J — 1, a). <

Proof of Lemma 14. We proceed to find an upper bound for the number of at-most-k-edges
of A;. By rotational symmetry consider the at-most-k-edges of the form p(j,0)p(i, a) with
0<i<j<n—1,0<a<m-—1,and (4,0) # (i,a).

First suppose that & < m/2—2. If j = J —1, then according to Lemma 16 the edges from
p(J —1,0) to p(i,a) withi=J —1and 1 < a < k+ 1 are all at-most-k-edges. Moreover,
if i < J—1 and a is arbitrary, then the line p(J — 1,0)p(4, a) separates the sets of points
{p(J=1,b) : 1 <b<m/2—1} and {p(J —1,b) : m/2+1 < b < m — 1}. Thus the edge
p(J —1,0)p(7,a) is a k-edge with k > m/2 — 1. Finally, if j < J —1 and ¢ < J — 1, then by
Lemma 15 the edge p(J — 1,0)p(i, a) is a k-edge with k > m/2. Hence in this case all of
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5:18 Bounds on the Crossing Number of m-Fold Symmetric Configurations of Points in the Plane

the at-most-k-edges have both vertices in the outer m-gon where ¢ = j = J — 1, and there
are exactly 2(k + 1) such edges of the form p(j,0)p(¢,a). Hence there are exactly m(k + 1)
at-most-k-edges in A ;. In other words, if k <m/2 — 2, then

ESk(AJ) :m(k+1) (3)

Second, suppose that m/2 — 1 < k < mJ/2 — 3. By Lemma 16 all of the edges with
vertices in the outer m-gon, except the main diagonals, are at-most-(m/2 — 1)-edges, and so
they are all at-most-k-edges as well. There are exactly (ZL) —m/2 such edges. In addition,
by considering a radial sweep from each of the convex hull vertices p(J — 1,a) of Ay, we
see that each of them is the endpoint of exactly two j-edges for every m/2 < j < k, where
the other endpoint is not a vertex of the outer m-gon. There are 2m(k — (m/2 — 1)) such
edges. Finally, by Lemma 15, every j-edge of A’ is a (j + m/2)-edge of A;. Hence if
m/2—1<k<mJ/2—3, then

E<i(Ay) = E<lo—my2)(A]) + (Tg) - % +2m (k o (% B 1))

m
= E<(kh—my2)(A)) +2m(k +1) —m (? N 1) : “

~—

From (3) and (4), we conclude that
E<i(Ay) = E<p_my2(AG) +2m(k+1) —m - min(k +1,m/2 — 1).

Therefore the set A; achieves equality in Lemma 6. Following the proof of Lemma 7 we
conclude that A achieves equality throughout as well. This assertion proves the first part,
and the second follows because again the set A; achieves equality every time Lemma 7 is
used in the proof of Theorem 4. |

4 Odd symmetry: bounds on the crossing number

In this section, we prove the bounds stated in Theorem 5 on the rectilinear crossing number
of configurations with odd symmetry. We start with the lower bound, Inequality 5, in Section
4.1; and then present a construction with few crossings that takes care of the upper bound,
Inequality 6, in Section 4.2. Throughout this section, we assume that m and n are positive
integers such that m > 3 is odd and m/|n.

4.1 Lower bound

We are now ready to present our lower bound in Theorem 5 on the crossing number for odd
symmetry, namely,

Sym-TE (K,y) > (1 m—1__97m—31 ) (Z) +Omd). (5)

2 2m2  270m3(m +1)
This bound follows from Theorem 1 and Lemmas 9 and 13. The use of Lemma 13 improves
the weaker bound obtained by using only Lemma 9, that is,

1 m-—-1 3m—1

'7m Kn 2 a -
Sy-Cim (Kn) <2 2m? 8m3(m+1)

)+®mﬂ

(For reference, 3/8 = 0.375 and 97/270 = 0.3592.)
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Proof of Inequality 5. Let m > 3 be odd an P be an m-fold symmetric set of n points in
general position in the plane. By Theorem 1, we have

[n/2|—2
Cr(P)= Y (n—2k—3)E<(P)+6(n’)
k=0
|n/2]—2
- (Z) 24y (1—2:) Ei’;%,gp)%jte(n%.

k=0

Now we bound E<j(P) using Lemma 9 in the range 0 < k/n < 1/2 — 1/(6m) and using
Lemma 13 when 1/2 —1/(6m) < k/n <1/2. For 0 < k/n <1/2 —1/(6m), we have that

E<,(P) _ 4m k2 2 1
2 g g g |0 (k- O3
2
=1t +m(m&x<0k1>> ro(5)
m+1\n 2 n 2m n

and for 1/2 —1/(6m) < k <1/2,

V

PR e S L DY I
- 9mn(m +1) n

3
N
[\

E<x(P) _ 1  3m(tm—1) 2k+6(1).

Therefore,

Q
=
=
vV

A~
3

N

S—

24 (1 — 2z) 2 (ax 0,z — m-- dx
m—+1 2 2m

T (n> /;::/(W 24(1 — 2z) (; - Mm) dz + 0(n®)

n\ (9m3 —9m? +3m+1  135m* + 38m + 31 o(nd)
18m3 270m3(m + 1)

1 m-1 97m — 31 n 3
2 2m?  270m3(m + 1)) <4) +6(n).

4.2 Upper bound: a point set with low crossing number

In this section, we provide a set of points with few crossings for odd symmetry m > 5, to
prove the upper bound in Theorem 5, namely,

YT () < (; - ”;m‘l) (Z) ) (6)

This construction is similar to the case where m is even. It consists of a wing set W of J
points almost on a line, whose z-coordinates increase exponentially, and m — 1 copies of W
obtained by a (2wa/m)-rotation for 1 < a < m — 1 so that the orbit of each point in W is
a regular m-gon, see Figure 7. The difference is that in the even case the set W can be in
convex position, but in the odd case it matters whether W has fewer crossings. In Section
4.2.1, we calculate the number of crossings in our construction with an arbitrary wing set W,
and in Section 4.2.2; we present a suitable wing W with few crossings.

CGT
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/

vertical
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horizontal
logaritmc scale

1d & @add g

Figure 7 A 5-fold symmetric set of 40 points generated by the (5, 8)-wing set W.

4.2.1 Construction using an arbitrary wing set

We start by defining (m, J)-wing sets. Let W = {wy,ws,...,w; } be a set of J points. For
every 0 < a <m—1, let W, := R W) be the rotation of W by 2ma/m. We call each of the
sets W, a wing, and for 1 < j < J we refer to the orbit L; := [w;] (which is a regular m-gon
with vertices w; and its m — 1 rotations) as a layer.
As in the even case, let d = 2/sin(nw/mJ). We say that W is a (m, J)-wing if there is
€ > 0 such that the following conditions hold:
1. Every wj is in a e-neighborhood of the point with coordinates (@1, 0).
2. The line by any two points in W separates all the points in W1 UWa U -+~ U Wy, _1)/2
from W(m+1)/2 y---u Wmfl.

3. For every 2 < j < J, theset Ly ULy U---ULj_; is in the center of the star formed by
the larger diagonals of L;.

» Lemma 17. Let m > 5 be odd and J be a positive integer. For every (m,J)- wing set W,
if Ay = U;n:_OlWa, then Ay has mJ points and

mCr(W) + em(m — 1)J[J3(m? + 1)
—2J2(2m + 3) + J(m? — Tm + 20) + m — 3] ifm=1 (mod 4),
Cr(Ay) = { mCr(W) + ggmJ[J3(m® —m? + m — 1)
+J2(=4m? — 6m + 6) + J(m3 — 8m? + 27m — 8) +m? — 9
ifm=3 (mod 4).

Proof. For every 1 < j < J,let A;j =LiULyU---UL;. We count the number of crossings
in Ay by determining its vector of k-edges; that is by calculating

E(As) = (Eo(As), E1(Ay), ... s Elmas2)—1)-
This is enough because according to Theorem 1,

Cr(4y) =3(") — E(4y) ¥ (7)
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where ¥ is the |m.J/2|-vector whose k' entry is (k — 1)(mJ — 1 — k).

We determine F (A;) by considering three different types of k-edges: edges determined
by two points (1) in the same layer, (2) in the same wing, and (3) in different layer and
different wing. We partition the k-edge vector into three corresponding parts, denoting them
by Elayer(Ar), Ewing(Ay), and ﬁdiﬁr(AJL respectively. Clearly,

E(AJ) = ﬁlayer (AJ) + Bwing(AJ) + Bdiﬂ(AJ) (8)

We write each of these vectors in terms of E(W) = (eo,€1,---,€|7/2)—1)- By symmetry
and the first property,

Bwing(A.]) = m(0,0, e ,0, €0,€1, ..., eLJ/QJ_l).
——

m_1.j
It follows that
lmJ/2]—1
Ewing(A)- T =m > k(mJ —k—=2)ex_n10
k=(m—1)J/2
|J/2]—1

=m Z (t+5m—=1J)(mJ -2 —t—3(m—1)])e
=0

|J/2]—1 1 |J/2]—-1
=m | Y tJ—2-t)e + gmlm = 1)J(m] +.J = 4) > e

t=0 t=0

Clearly Y21/%7 ¢, = () and by Theorem 1, Cr(W) = 3(J) = SHH71 (7 — 2 — ey
Thus

Ewing(AJ) -V =3m (J

4) —mCr (W) + %m(m— D)J(mJ +J —4)J(J - 1). )

We now look at EdiH(AJ). Consider a point ps € Lj;, N W, for some 1 < js < J and
0 <a <m—1. Note that p» € 0A,, and thus, there are exactly two points in A;,_1 \ W,
forming a k-edge of A;, with p for any %(m -1 <k< %(m — 1)j2. Suppose that pips is a
k-edge of A;, with p; € L;, for some 1 < j; < jo and p; ¢ W,. Then pips divides the plane
into two open halfplanes H~ and H™* with k and m.J —2 — k points of A4;,, respectively. Note
that by construction H~ contains exactly (m—1)/2 points of L, and (m+1)/2 points of each
of the layers Lj, 41, Lj,12,...,Ly. Therefore, p1ps leaves ky := k+ (J — j2)5(m+1) points of
A on one side and ko := mJ —2—k— (J — j2) 1 (m+1) on the other. So, if k3 = min(ki, k2),
then p1po is a ksz-edge of A;. Even when we do not know whether k3 = k1 or k3 = ko, its
contribution to Equr(Ay) - T is ks(mJ — 2 — ks) = ki(mJ — 2 — k) = ka(mJ — 2 — ks)
because k1 + ko = mJ — 2. For this reason, we extend the |mdJ/2|-vector ﬁdiff(AJ) to
the (mJ — 1)-vector ﬁsiﬁ*(A‘]) that counts a pips edge as above in the k; entry. Thus
Bdiff(A]) T = ﬁ;iH(AJ) - U*, where the (m.J — 1)-vector ¥* satisfies that its k" and
(mJ — 1+ k)" entries are (k — 1)(mJ — 1 — k).

Therefore, for every 2 < jy < .J, the contribution to B;‘UH(A 7) of k-edges from layer L,
to Aj,_1 is exactly

(0,0,...,0,0,0,...,0,...,0,0,...,0,2m,2m,...,2m, 0,0,...,0 ).
— —— —_— —

%(m—l) %('m—i—l) %('m-{-l) %(’m—l)(jz—l) %(7”—1)J+(j2—1)
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Thus, adding over all 2 < jo < J, we have

Ediff(AJ) Y = ﬁ;iﬁ‘(AJ) T

L (m—1)+(J—j2) 2 (m-1)+(a=1) S (m—1)-1

J
=> > 2mk(mJ — k — 2)
Jj2=2

k:%(m—l)-i—(J—jz)%('rn—l)
1
= gmm = 1J(J - D(5*m? + Jm? — 26Jm + 2m — J* + J + 26).

(10)

Finally, we look at ﬁ]ayer(AJ). Suppose that pips is a k-edge of L; for some 1 < j < J.
Let H be the open halfplane determined by pips that contains exactly k points of L;. Note
that for each 0 < k < %(m — 3) there are exactly m such edges. We say that pips is an even
edge if k is even and an odd edge if k is odd. We denote the contributions of the even an odd
edges to Elayer(A7) by Eeven(Ay) and E oqq(Ay), respectively. As before, we extend each of
these |m.J/2]-vectors to (m.J — 1)-vectors so that

ﬁ layer A J 7 ﬁ 7 B

and consider two cases depending on m (mod 4).

(Ag) -0 +Eodd Ay)- T, (11)

layer even

First assume that m = 1 (mod 4). If k is even, then p;ps leaves exactly (m — 1)/2 points
of each Ljy1,Ljy2, -+, Ly in H~. That is, p1ps leaves k + (J — j)3(m — 1) points of A,
on H. Therefore, for every 1 < j < J, the contribution of even edges of L; to E ., (A) is
exactly

(0,0,...,0 ,m,0,m,0,...,m,0,  0,0,...,0 ).
— —

3 (m—1)(J—j) $(m—1) F(m—1)(JHj—1D)+J-1

Adding these vectors over all 1 < j < J, we obtain

E:

even (

Ay) = (m,0,m,0,...,m,0,0,0,...,0).
—_———

%(m—l)] %(m+1)J—1

Similarly, if k is odd, then p1ps leaves exactly (m+1)/2 points of each Lj11,Ljt2, -+, Ly on
H. Thus p1p2 leaves k+ (J — j)4(m+ 1) points of Ay on H. Therefore, for every 1 < j < J,

the contribution of odd edges of L; to E 4(A) is exactly

(0,0,...,0 ,0,m,0,m,...,0,m, 0,0,...,0 ).
——— ———

3 (mA1)(J—j) $(m-1) F(m—1)(J4j—1)—J

Adding these vectors over all 1 < j < J, we obtain

Exy(As) = (0,m,0,m, ..., m,0,0,m,0,m,...,m,0,...,0,m,0,m,...,m,0,0,0,...,0).
—_———

1 (m41) 1 (m41) 1 (m41) Lm-1)7-1

J

Now assume that m =3 (mod 4). If k is even, then p;ps leaves exactly (m + 1)/2 points
of each Ljy1,Lj42, -+, Ly on H. That is, pips leaves k + (J — j)4(m + 1) points of A; on
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H. Therefore, for every 1 < j < J, the contribution of even edges of L; to ﬁ:ven(A']) is
exactly

(0,0,...,0 ,m,0,m,0,....,m, 0,0,...,0 ).
—_— Y
3 (m+1)(J—) 3(m—1) 3 (mAD)(J+5)—J

Adding these vectors over all 1 < j < J, we obtain

even

Er_(A)) = (m,0,m,0,...,m,0,0,0,...,0).
—_———

L(mt1)7 L(m-1)J-1

Similarly, if & is odd, then p;po leaves exactly (m —1)/2 points of each Lj 1, Ljio,---,Ly on
H. Thus p1ps leaves k + (J —j)%(m — 1) points of A; on H. Therefore, for every 1 < j < J,

the contribution of odd edges of L; to E*,;,(As) is exactly

(0,0,...,0 ,0,m,0,m,...,m,0,  0,0,...,0 )
— —
3 (m—1)(J—j) 3 (m—1) F(m-1)(J+j—1)+J-1

Adding these vectors over all 1 < j < J, we obtain

Exy(Ag) = (0,m,0,m, ..., m,0,0,m,0,m,...,m,0,...,0,m,0,m,...,m,0,0,0,...,0).
—_——

L(m-1) L(m-1) L(m-1) L(mt1)I-1

J

Therefore,

Be (A)) = {legm(m ~DJmJ =S = )mI 4= 4) m=1 (modd)

wmim+1)J(mJ+J—4)2mJ —J —4) ifm=3 (mod4),

and

=m(m —1)J[J?(2m — 1)(m+ 1) — 3J(3m + 1)+ m + 13]

ifm=1 (mod 4),
asm(m —3)J[J2(2m + 1)(m — 1) — 3J(3m — 1)+ m + 11]

ifm=3 (mod 4).
(13)

Ega(Ay) -k =

The value of Cr(A;) is obtained from (7)-(13). <

4.2.2 A suitable wing set: proof of inequality 6

In contrast to the even case, the number of crossings in A; is smaller when the set W has
fewer crossings. It is tempting to use a set W achieving the rectilinear crossing number of
K (or at least one of the best known sets with few crossings). However, it is not clear that
these sets can be modified to satisfy the exponential increase on their xz-coordinates. Instead,
we use the so-called double chain construction, which consists of (almost) half of the points
in each of two underlying curves, one convex and one concave, such that any tangent line to
any of the curves separates them. This construction can consist of a convex curve above the
z-axis and its symmetric about the x-axis each intersecting the e-neighborhood of the point
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with coordinates (¢’ 1,0) for every 1 < j < J. The set W consists of one point in each of
these e-neighborhoods so that |.J/2] points are on one of the curves and [J/2] on the other
(see Figure 7). The set of points in each curve is called a chain. Any four points in the same
chain generate a crossing, as well as any quadruple with one pair on one chain and one pair

on the other. Thus Cr(W) = 2(7/?) + (']42)2. It follows that, regardless of m (mod 4),
1
Cr(Ay) = @JllmQ(m2 —m+1)+6(J%.

Setting n = mJ (and since sym-ct,,(K,,) < Cr(Ay)), we obtain Inequality 6, which is the
best upper bound we know for odd m > 5.

5 Conclusions and open questions

We study the rectilinear crossing number of complete graphs, sym-cr,,(K,), when the
vertex set is constrained to have rotational m-fold symmetry. As our main contribution, we
determine the exact value of this crossing number for even symmetry and provide lower and
upper bounds for odd symmetry. We first provide a lower bound that covers all values of
m. It results from a lower estimate on the number of at-most-k edges for m-fold symmetric
configurations; via the crossing number identity, this estimate directly translates into a lower
bound on sym-cr,,,(K,). For even m, we determine the exact value of sym-cr,,(K,) by
matching this lower bound with an explicit construction. For odd m, we sharpen the lower
bound in the mid- and near-central ranges of k, obtaining stronger asymptotic estimates. We
finally provide an explicit construction to obtain an upper bound whose leading coefficient
matches that of the lower bound up to a constant multiple of 1/m3.

The results in this manuscript highlight a qualitative difference between the unrestricted
and the symmetric settings. In the general rectilinear case, lim,,_, ct(K,)/ (2) is known to
lie in the interval [0.379972,0.380449] (cf. [10, 11, 20]), and determining its limit remains
open. By contrast, our main result (Theorem 4) determines the value of this limit for m-fold
symmetric point sets when m is even:

lim Sym-ct,,, (K, ) _1

n—00 (Z) 2

For odd m > 5, our lower and upper bounds (Theorem 5) yield the interval

m—1 97m — 31 . sym-CT,,(K,) m—1

1
2 2m? 210m3(m+1) ~noee (7

(Note that lim,,—,e sym-cFy, (K, )/ (}) exists, the proof is in the appendix.)
In particular, for m = 5 and m = 7 we respectively obtain

21149 _ symears(K,) 21
0417758 < —— < SYMCsiBn) 22 _ (42,
50625 ~ noso (1) = 50
and
751 _ symarr(K,) | 43
04379 < —— < SYmEerT ) 22~ (.4388.
< 17 S a0 B S % <

The intervals in (14) are disjoint for distinct odd m, which implies that if m; and mqy are odd
with m; < mg, then sym-cty,, (K,) < sym-CT,, (K,) when n is large enough. Moreover, as
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m — oo the even and odd cases come together: both our lower and upper bounds, normalized
by ('j), approach %; that is,

. . sym-ct,, (K,) 1
11m 11m —_— Y — —.
m—00 N—00 (Z) 2

The most important open problem left is the following;:

» Problem 18 (Sharper bounds for odd m). For odd m > 5, narrow the gap between the
bounds in (14). In particular, identify the correct leading constant of sym-ct,,(K,), i. e.,
determine the value of

lim 7sym—ﬁl;zn(Kn)
n—o0 ( 4)

for each fixed odd m.

The lower bound in Inequality (14) still applies to m = 3 and it matches the best lower
bound of 277/729 for the unrestricted problem ¢r(K,). However, the construction in Section
4.2 works only for m > 5. The good news is that the best upper bound in the general case is
based on a duplication strategy [10], where larger sets of points are obtained recursively by
placing a duplicate of each point in a very small neighborhood around it. If the initial set
of points is 3-fold symmetric, then the construction can be carried out so that it preserves
symmetry. We strongly believe that determining ¢r(K,) is as hard as finding sym-cr3(K,)
and support the conjecture in [5], which we can now state as follows:

» Conjecture 19 (3-Fold symmetry). For every n divisible by 3 there exists a 3-fold symmetric
point set attaining cr(K,); that is, if n is divisible by 3, then ¢r(K,,) = sym-cr3(K,,).

For m > 5, the duplication strategy from [10] produces more crossings than the construc-
tion in Section 4.2. It seems that for m > 5 an important feature to minimize crossings is the
property that we used in Lemma 9: We proved that for each fixed m, and every n divisible
by m, there exists an m-fold symmetric point set P attaining sym-ct,, (K, ) such that the
convex hull of P is an m-gon and the remaining points lie in the central region determined
by the halving edges of the convex hull (this region does not exist when m = 3). Although
we did not need it, one can show that the convex hull of every optimal construction is a
convex m-gon. We conjecture the following stronger recursive property.

» Conjecture 20 (Recursive optimality under orbit removal). If P attains sym-ct,,(K,), then
the convex hull of P is an m-gon and if P’ is obtained by removing the m points in the convex
hull, then the convexr hull of P’ is an m-gon and the remaining points lie in the central region
determined by the halving edges of the convex hull of P’.

Finally, our construction for odd m in Section 4.2 depends on the choice of a wing set W.
We leave the following problem:

» Problem 21 (A better wing set). Is there a choice of W that improves the upper bound in
Theorem 57 More generally, can every point set achieving ct(K,,) be transformed (flattened
and stretched) into one whose x-coordinates grow exponentially?
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6 Appendix

We prove the following lemma:
» Lemma 22. For every integer m > 2,

sym-ct,,, (K, )

)
exists.

Proof. Let sym-cr,,*(K,) be the minimum number of crossings Cr*(P) among all m-fold
symmetric drawings P of K,, where we count only those crossings whose four endpoints lie
in distinct orbits. The remaining crossings (i.e., those where at least two endpoints belong

to the same orbit) are at most ("ém) m* = O(n?). Hence,

0 < sym-ct,(K,,) — sym-ct,,* (K,,) < O(n®). (15)

Fix a point set P attaining sym-ct,,"(K,), and [z1], [z2],..., [z, m] be its orbits. For
1<i<n/m,let P, =P\ [z;]. Because every crossing in P with endpoints in distinct orbits
belongs to exactly n/m — 4 sets P;, it follows that

n/m
(% - 4) sym-ctp,* (K,) = (% - 4) Cr*(P) = ; Cr(P;) > %sym—ﬁm*(Kn_m),

and consequently

Sym-ct,,,* (K,) S sym-¢tp,* (Kp—m)

(5 A
Thus, the sequence {sym-ct,,*(K,,s)/ (i)}f}ozl is nondecreasing and bounded above by 1, so
its limit exists. By (15), the same holds for sym-ct,,(K,)/ (7). <
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