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—— Abstract

A family of simplicial complexes, connected by simplicial maps and indexed by a finite poset P,

is called a poset tower. The concept of poset towers subsumes classical objects of study in the
persistence literature, such as multi-parameter filtrations, zigzag filtrations, and one-parameter
simplicial towers, while also allowing arbitrary finite posets and arbitrary simplicial maps. The
homology of a poset tower gives rise to a P-persistence module. To compute this homology globally
over P, in the spirit of the persistence algorithm, we consider the homology of the chain complex
segment of P-persistence modules, Cp_1 & Cy & C41, induced by the simplices of the poset
tower. Contrary to the case of one-critical multi-filtrations, the chain modules C; of a poset tower are
not necessarily projective and can have a complicated structure. In this work, we address the problem
of computing a replacement of such a chain complex segment by projective modules and P-graded
matrices, resulting in what we call a projective implicit representation (PiRep), which preserves the
homology. Such a representation plays the role of the graded boundary-matrix representation in
the classical persistence algorithm: it converts the simplicial data of a poset tower into algebraic
input on which persistent homology can be computed globally over P. In particular, a PiRep can be
used as input to existing algorithms for computing minimal presentations of persistent homology.
We give an efficient algorithm to compute a PiRep from a poset tower. Our algorithm constructs
degreewise minimal presentations and asymptotically minimal second terms of projective resolutions
of the chain modules Cy, lifts the boundary maps 9, to these resolutions, and assembles this data
into a PiRep using an additional correction term. The method is tailored to the chain complexes
induced by poset towers and computes the required algebraic data combinatorially by exploiting
their special structure, avoiding general-purpose algebraic reduction. In the context of poset towers,
it is fully general and can serve as a foundation for developing efficient algorithms on specific posets.
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1 Introduction

Persistent homology is a tool to quantify topological information of a space. After its
introduction in [17], persistent homology has become a broad and very active field of
research, with numerous applications in data science [15, 16, 20]. Persistent homology tracks
topological features of a space evolving over some indexing poset P. The spaces most
commonly considered in applications are simplicial complexes. We call a family of simplicial
complexes and simplicial maps, subject to commutativity relations, indexed by a finite poset
P, a poset tower. A poset tower can be succinctly described as a functor K: P — SCpx
from the indexing poset P to the category of simplicial complexes SCpx. Figure 1 shows
examples of common indexing posets and Figures 2-6 show examples of poset towers. The
£-th homology of a poset tower, Hy(K) := Hy;0 K, gives rise to a P-persistence module, i.e., a
functor P — Vec from P to the category of vector spaces. It can be defined as the homology
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Computing PiReps from Poset Towers

of a chain complex segment Cyy1(K) LN Cy(K) LN Cy-1(K) of P-persistence modules.
But for a general poset tower K, the persistence modules Cy(K) = Cy o0 K: P — Vec,
describing the evolution of simplicial /-chains in K, can have a complicated structure, and
the boundary maps Jdy cannot be globally represented by matrices. The goal of this work is to

compute a chain complex segment Dy déi> Dy LN Dy_1 such that each Dy is a projective
module, the maps dy are represented by P-graded matrices, and Hy(K) = ker(dy)/im(d+1).
We call such a representation a projective implicit representation, PiRep for short, of Hy(K).
We adopt this notion from the free implicit representations (FiRep) used in multi-parameter
persistence [22, 25], but use projective modules because we work in the setting of finite
indexing posets. Given a PiRep of H;(K), we can compute a minimal presentation of the
homology module H;(K) using algorithms discussed in [6].
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Figure 1 Common indexing posets: (lower left) one-parameter persistence, (upper left) zigzag
persistence, (center) two-parameter persistence, (right) two-parameter zigzag persistence.
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Figure 2 One-parameter persistent homology pipeline. Upper left: A filtered simplicial complex
together with its algebraic representation by the simplicial chain complex. Right: The simplicial
chain spaces as projective interval modules, represented by colored vertical lines, corresponding to
the simplices in the filtration. Lower left: The representation of the boundary maps by graded
matrices. The orange numbers on the right and in the lower left represent the grades in the filtration.

From filtered simplicial complexes to poset towers. Originally, persistent homology
was introduced for filtered simplicial complexes (Figure 2 upper left), which are described by
functors K: P — SCpx, where P = {1,...,n} with the standard order, and K(z < y) is an
inclusion for all x < y € P. A cornerstone of the field of persistent homology is the so-called
persistence algorithm. It efficiently computes an invariant, called the barcode, completely
capturing the persistent homology of a filtered simplicial complex [17, 34]. It is based on the
fact that each chain module Cy(K) (Figure 2 upper left) is projective and can be described
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as a sum of upset interval modules!, corresponding to the ¢-simplices that start at the point
where the simplex appears first in the filtration (Figure 2 right). The significance of Cy(K)
being projective is that, in this case, we can represent the boundary maps 0, by graded
matrices (Figure 2 lower left). This matrix representation can be read off immediately from
the input and allows us to compute the persistent homology as ker(dy)/im(01) via matrix
operations on these graded matrices.

K. Ko Ky Ky K3 Ky

Co(K) : Co(Ko) Co(K1) Co(K2) Co(K3) Co(Ka) I
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Co(K)—=2=C1(K)—==Co(K)

Figure 3 Left: A simplicial tower with its algebraic representation by a simplicial chain complex.

The orange arrows represent simplicial collapses. Right: The chain spaces represented by interval
modules corresponding to the simplices. Contrary to the case of filtrations, an interval can end if
the corresponding simplex dies in the tower.

Since its introduction, the classical one-parameter persistent homology of filtered spaces
has been generalized to various other settings and indexing posets (see Figure 1). Simplicial
towers [11] generalize filtrations by allowing the maps K (z < y) to be arbitrary simplicial
maps (see Figure 3). In this situation, Cy(K) is also a sum of interval modules, where the
intervals correspond to the simplices in the tower (Figure 3 right). The difference from the
case of filtrations is that intervals can end if a simplex gets collapsed. In other words, the
chain modules Cy(K) can have relations (killing simplices) and are no longer projective. To
compute the persistent homology via graded matrices, we first have to construct such a
matrix representation from K. This can be achieved by either converting it to a filtration via
geometric methods [11, 23], or via algebraic methods [13]. We can then compute the barcode
using the standard persistence algorithm. Similar statements hold for zigzag persistence

[7, 12], which generalizes the indexing poset by allowing the arrows to point in both directions.

In multi-parameter persistence [3, 5, 8, 27], we increase the dimension of the indexing poset
to obtain d-dimensional grid-posets. For d > 1, the persistent homology can no longer be
described by a complete discrete invariant, like a barcode. In this case, a minimal presentation

of Hy(K) has been proposed as an alternative in the topological data analysis community [25].

For two parameters, efficient algorithms for computing this minimal presentation have been
proposed in [19, 22, 25]. Beyond two parameters, an algorithm has been suggested in [4],
though full details are missing at the moment.

These algorithms require, as input, a free/projective implicit representation of the chain

L An interval persistence module is one-dimensional (point-wise) on a convex connected subposet of the
indexing poset P and zero elsewhere, with identity maps between comparable elements in the support.
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Figure 4 Left: a bifiltered simplicial complex with simplex labels shown at their generating
grades. Here vz and v§ represent two copies of the same vertex that get identified in the upper right.
Right: The interval modules corresponding to some of the simplices.

complex segment Cyy1(K) Oest, Cy(K) LN Cy-1(K). Tt is conceivable that understanding
structural and computational aspects of the chain modules Cy(K) may become useful for
computing minimal presentations of Hy(K) more efficiently. The chain modules Cy(K)
of multi-parameter filtrations are still decomposable into interval modules, with intervals
representing the simplices (see Figure 4). But simplices can be generated at different
incomparable grades of the filtration and get identified at their joins. Hence, contrary to the
case of one-parameter filtrations, Cy(K) can have relations and is not necessarily projective.
To obtain a valid input for the algorithm of [25], we first have to convert the simplicial input
into a free/projective implicit representation by graded matrices. In [9], a method to convert
a general simplicial filtration over a d-dimensional grid to a FiRep is discussed. If we consider
arbitrary simplicial maps over a grid poset, as in the example in Figure 5, the chain modules
Cy(K) will not even be interval decomposable anymore. Different simplices can be glued
together by collapses, yielding more complicated indecomposables.
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Figure 5 Left: a poset tower over a 2 x 3-grid. The orange arrow denotes the collapse of the
vertex vs into the vertex vo when moving to the right. Right: The indecomposable persistence
module representing C1(K).

What about going beyond d-parameter filtrations? That leads us to poset towers. In
topological data analysis (TDA), these general-purpose frameworks have already started to
appear. In [14, 18], zigzag-grids, that is, grids with arrows pointing in both directions along
one axis (which gives quasi zigzag persistent homology as described in [14]), are considered.
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The authors in [14] argue that the resulting quasi zigzag persistence module is useful to study
time-varying data. Also, persistent homology over general posets has become a subject of
study [24] in TDA. If we consider arbitrary indexing posets, the chain modules Cy(K) will
not even be interval decomposable in the case of inclusions. The example in Figure 6 shows
a poset tower over a poset that does not have a maximum. In this case, simplices can be
identified in some branches and can be different in other branches. In other words, we can no
longer speak about “the simplices” in absolute terms, because two simplices can be the same
from the perspective of one maximal element but can be different from the perspective of
another maximal element. Therefore, except for the special case of one-parameter filtrations,
the chain modules Cy(K) are, in general, not projective and can have a complicated structure.
In this work, we tackle the problem of computing a projective implicit representation of the
persistent homology of a general poset tower.

vz =V'3

/o)
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< U3,Ué >< C(J(K)

Vi e vz Vi e Vi

Figure 6 Left: a poset tower over a poset with two maximal elements, where all maps are
inclusions. At the left maximal element the two vertices vs and v} are different. In the right maximal
element they are identified. Right: The indecomposable summand < vs, v5 > of Co(K), generated
by the two vertices vs and v5.

Contributions. We develop a general-purpose algorithm (PIREP in Section 4) to
compute projective implicit representations of the homology of poset towers K: P — SCpx,
where we allow arbitrary simplicial maps and arbitrary (finite) indexing posets. The algorithm
PIREP computes degreewise (projective) minimal presentations of the (persistent) simplicial
chain complex C,(K). This means that, for every ¢, we compute a minimal presentation p}
of the chain module C,(K), as depicted in (1), and a lift f{ of the boundary map 9, to the
generators.

Py p;
Cryr1(K) Gri1 < Rey1 +—— RRp
8@+1l f49+1l \\\194+1 J{félﬁ»l
\ 1 2
Co(K) Gy +—— Ry «+—— RR, (1)
a{ f?l lf}
p}»l p p?-1
Co1(K) Gy1 ¢«—— Ry.1 «——— RRy

Our algorithm takes advantage of the special structure of the chain complex Cq(K). We
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observe that the presentation matrix p% (almost) has the structure of the boundary matrix
of a P-filtered graph (Definition 39). This allows us to construct a minimal presentation by
constructing a graph and avoiding closing (superfluous) cycles. We represent the maps p}
and ff by P-graded matrices. Together, they faithfully represent the chain complex C,(K).
Given this representation, one could now compute a projective implicit representation of
Hy(K) by purely algebraic methods. However, we observe that the structure of Cq(K) can
be further exploited to efficiently compute an asymptotically minimal second term p? in a
projective resolution of Cy(K), as depicted in (1). Here asymptotic minimality means that
the number of columns of p? is asymptotically worst-case optimal. Individual outputs need
not be exactly minimal. We compute p?, which can be interpreted as capturing relations
among relations, by detecting cycles in a graph associated with p;. We take advantage of
the graph structure of p; a third time to compute the maps f}, lifting the boundary maps
9y to the relations, and 41, which corrects for the failure of the maps f{ to form a chain
complex. These maps can be determined by solving linear systems, but the graph structure
of the coeflicient matrix allows us to solve these systems much more efficiently. Finally, we
construct a projective implicit representation of H,(K) by assembling the maps in (1) (see
Section 3).

At this point, it is worth mentioning that, in [6], the authors provide an algorithm to
compute minimal injective resolutions of sheaves on finite posets. A sheaf of vector spaces
on a finite poset is equivalent to a P-persistence module, and an injective resolution of a
P-persistence module is equivalent to a projective resolution of a P°P-persistence module
obtained by dualization. Their algorithm does not address computing lifts fy, as in (1), but
could be applied in our context to compute the degreewise resolutions. For a resolution of
Ci(K), as depicted in the rows of (1), the complexity of the algorithm in [6] is O(toc?), where
to denotes the number of points in the poset, and c is the maximal size of the graded matrices
in the output resolution. This cubic behavior, with an additional factor from the size of the
poset, is of course expected by a general algorithm based on matrix reduction. A matrix
representing a minimal p? can have ©(t1n) columns if n denotes the number of simplex
generators and ¢; the number of edges in the Hasse diagram of the poset (see Proposition 48).
This would result in a worst-case complexity of O(tgtin?), while our specialized algorithm
achieves a complexity of O((to + t1)n?).

It is also worth noting that, for the special case of K being a graph, efficient algorithms
for computing minimal presentations are known. The authors of [28] give an algorithm to
compute a minimal presentation of Hy(G) of a P-filtered graph G in O(|G|?) time for a
general poset P and in O(|G|log|G|) time for P = Z?. The algorithm is not applicable to
the general case of simplicial filtrations or towers indexed by a (finite) poset.

Outline. In Section 2, we discuss the basic notions of poset towers, persistence modules,
projective modules, projective resolutions, and projective implicit representations. In Section
3, we discuss how we can construct a PiRep from partial projective resolutions of Cy(K)
and lifts of the boundary maps 9y, as depicted in (1). In Section 4, we present an algorithm
PIREP to compute a projective implicit representation from a poset tower. In Section 5,
we prove the correctness of the algorithm. We conclude in Section 6. We provide proofs
omitted from the main text in Appendix A and B. In Appendix C, we discuss an efficient
algorithm for solving systems of linear equations whose coefficient matrix has the structure
of the boundary matrix of a tree, which is used in the algorithm PIREP. For completeness,
we discuss in Appendix D how to compute a minimal presentation of Hy(K) from a PiRep
using an algorithm discussed in [6].
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2 Poset towers, PiReps, and algebraic background

In this section, we introduce the basic notions of poset towers, persistence modules, projective
modules, projective resolutions, and projective implicit representations.

Notation. In the following, we denote by P a finite partially ordered set (poset) with its
points referred to as grades. For x,y € P, we use the notation z < y if x < y and there is no
grade z € P such that z < z < y. We call such an x a predecessor of y. We assume that P
is represented by a directed graph (called the Hasse diagram), whose nodes are the grades
and whose edges are relations z < y in P. We denote by P := P U {—oco} the poset obtained
from P by adding a grade —oo such that —oo < z for all x € P.

We also view P as a category with objects the elements of P and a unique morphism
x — y if x < y. For a functor F': P — C, we denote by F(z) the image of x € P under
F and by F(z < y) the image of © — y under F for < y € P. Let the category of
functors P — C and their natural transformations be denoted by C*. We use the notation
Vec for the category of finite-dimensional vector spaces over Fo, SCpx for the category
of finite simplicial complexes and simplicial maps, and ACpx.; for the category of finite
one-dimensional A-complexes (see Chapter 2.1 in [21]). For simplices o and 7 in a simplicial
or A-complex, we write o < 7 if ¢ is a face of 7, and ¢ < 7 if ¢ is a proper face of 7.

Coefficients. Throughout this work, we use coefficients in Fs, as is common in topological
data analysis. This choice simplifies both the exposition and the algorithmic treatment. Since
we allow general simplicial maps over general posets, working over an arbitrary field would
require additional orientation data and sign bookkeeping at the chain level. In particular, one
would need to keep track of the signs induced by simplicial maps on oriented simplices, which

would substantially complicate both the input representation and the resulting algorithms.

We do not see an immediate conceptual obstruction to extending our methods to general field
coeflicients, but the present algorithm and its proof of correctness are developed specifically
for Fs. Finally, we note that although we formulate the algebraic results in Sections 2 and 3
over Fy, they remain true over arbitrary fields after the appropriate signs are taken into
account.

2.1 Poset towers and persistence modules

Generalizing the notion of simplicial tower [11, 23|, we introduce poset towers:
» Definition 1 (Poset tower). A poset tower is a functor K: P — SCpx; see, e.g., Figure 7.

We denote by K,(x) the set of all ¢-simplices in K (x). In particular, Ko(z) is the set of
vertices of K (r). We define Vert(K) := (J,.p Ko(x) as the set of all vertices in K where the
union is the ordinary set-theoretic union and vertex sets at different grades may overlap. For
each x € P, every simplex of K(z) is uniquely determined by its set of vertices in Vert(K).
The simplicial maps need not preserve these labels.

In most applications, it is not economical to store a poset tower as a simplicial complex
for every grade of the poset P. For example, in the case of a multi-filtered simplicial complex,
which, in our setting, is a poset tower K: P — SCpx over a finite grid P = {1,...,m}¢
where each map K (z < y) is an inclusion, we only need a list of birth grades for every simplex
in the complex K (max) at the maximum grade max = (m,...,m) € P. We generalize this
compact representation to general poset towers by introducing simplex generators and edge
events.

8:7
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Figure 7 A poset tower on a poset P = {xo, ..., %5} with simplicial complexes comprising vertices

and edges at the nodes (¢) and inclusions/collapses on poset edges (—); e.g. vertex v is generated

at x1,x2, s, i.e., it has generators gy ', g52, g5°, which generate two relations ri* — gi' + ¢g32 and

ryt — g2 + go® at x4; there is a vertex collapse v — w on the poset edge x4xs; this collapse

generates the relation r7® — ¢33, it also generates two copies of uw at x5 with generators g, and
g%2, which get identified with a relation r5° — ¢32 + g5} at xs.

» Definition 2 (Simplex generators). Let K: P — SCpx be a poset tower. We call the tuple
g% = (z,0) a generator of the simplex o at x € P if 0 € K(x) and o ¢ im(K(y < x)) for
ally <z € P. We denote by S the set of all simplex generators of K. Formally:

S = {gﬂxéP,oEK(m)\ U im(K(y<x))}.

y=<x
We denote by Sy the set of generators of {-simplices.

Note that, for the special case of a multi-filtered simplicial complex K, the simplex
generators g2 simply recover the birth grades of a simplex o € K(max) in the complex at
the maximum. For general poset towers, the definition of simplex generators provides the
flexibility needed to handle situations in which simplices may be collapsed or no maximum
grade exists; see Figures 5 and 6.

Next, we introduce edge events as a compact way to represent the simplicial maps in
a poset tower. An edge event over an edge x < y is a vertex in K (z) that is mapped to a
vertex different from itself along the edge. These edge events account for possible collapses
and permutations that can happen with arbitrary simplicial maps, which are simulated by
vertex identifications. The collapse v — w on the poset edge x4 x5 in Figure 7 is an edge
event.

» Definition 3 (Edge events). Let K: P — SCpx be a poset tower. We call the tuple
i3 = (z,y,v,w) an edge event if x <y € P, v € Ko(x), w= K(z < y)(v) € Ko(y), and

v—w

w # v as elements in Vert(K). We denote by C the set of all edge events of K. Formally:
C = {cﬁi}{v |z <y € Pve Ko(z),w=K(z<y)(v) € Ko(y),v # w}.

Instead of recording all simplicial maps, we just record when they change a simplex. A
multi-filtered simplicial complex, for example, has no edge events. The simplex generators
and edge events completely determine the poset tower.
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» Proposition 4. A poset tower K: P — SCpx is completely described by the list of simplex
generators S and edge events C induced by K.

Proof. Let S and C be as in Definitions 2 and 3. First, we show that
Vert(K) = {v|g? € So} U{wl|cZY € C}. (2)

Let u € Vert(K). Then there exists # € P such that u € Ko(z). If u ¢ im(K(y < z))
for all y < « € P, then ¢g* € §). Otherwise, there exist y < x and v € Ky(y) such that
K(y < z)(v) = u. If v # w in Vert(K), then c¥3% € C. Else v = u € Ky(y) and we can
repeat the same argument for y < x. Since P is finite and every vertex at a minimal grade
has a generator in Sp, this process terminates, yielding either a generator g7 € Sp or an edge
event whose target is u. Conversely, by definition, g% € Sy implies v € Ko(z) C Vert(K) and
cr=y e C implies w € Ky(y) C Vert(K). This finishes the proof of (2).

We now extend P to a linear order Py, = {1 <yin -+ <iin Tn} and construct K’
recursively. For the construction we use Vert(K) which can be obtained directly from S and

C by (2) and denote by Aver (k) the complete simplicial complex on the vertex set Vert(K).

Fori=1,...,n, define

K'(z;) = {o|3¢% € S} U U im(?l(y < z)).
Y=<z
For all z; < y, define F/(xi <y): K'(x;) = Avery(k) as the simplicial map defined on vertices

VW

After processing all z; in Py, we define K’(z < y) as the restriction of K (z < y) to a map
K'(z <y): K'(z) = K'(y), for all x < y € P, where we use that im (Fl(l’ <y)) € K'(y).

v € K{(x;) by F’(m < y)(v) == w if there exists a % 7Y € C and F/(xi =< y)(v) == v otherwise.
!

We now show K = K’: Suppose K(x;) = K'(x;), v € K{(x;) = Ko(x;) and z; < y.

If K(z; < y)(v) = v, there is no edge event ¢Z3¥ in C and, thus, K'(z; < y)(v) = v. If

v w

K(z; < y)(v) = w # v, there is an edge event ¢Zi3¥ € C and, thus, K'(z; < y)(v) = w.

V—w
Since the images of the vertices completely determine a simplicial map, we get K(x; < y) =

K'(z; < y).
We show that K (z;) = K'(x;) by induction on the grades in the linear order. The first

element x; must be minimal in P. Hence, by definition, for all o € K(x1) we have ¢g2' € S.

Therefore, K(z1) = K'(z1). Suppose K(z;) = K'(x;) for all j < i. Every predecessor
y < x; satisfies y = x; for some j < 4 in the linear extension. Hence, by the argument in
the previous paragraph, we get K (z;) = {o|3¢% € S}ulJ im(K(y < z;)) = {o|3g% €
StUUy<a, im(K'(y < z;)) = K'(x;).

Therefore, K(z) = K'(x) and K(z < y) = K'(x < y) for all z < y € P, which implies
that K = K. <

Yy=<x;

We now define the main algebraic objects, the persistence modules, and discuss how we
can work with them in a computational framework.

» Definition 5 (P-persistence module). A P-persistence module is a functor M : P — Vec.

The P-persistence modules are precisely representations of finite posets. Calling these
objects modules is justified by the fact that the category of representations of finite posets is
equivalent to the category of modules over the so-called path or incidence algebra of the poset

[2, 32]. Persistence modules in our context naturally arise as the homology of poset towers.

The ¢-th homology, with coefficients in Fy, can be viewed as a functor Hy: SCpx — Vec
for every ¢ > 0. If we take the composition of the /-th homology functor with a poset tower
K: P — SCpx, we obtain the persistence module Hy(K) := Hyo K: P — Vec.

8:9
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The homology of a simplicial complex is computed from the simplicial chain complex,
which can be viewed as an algebraic representation of the complex. For x < y € P, we
denote by C,(K(z)) the simplicial chain complex and by C,(K(z < y)) the morphism
induced by the simplicial map K (z < y); see (3). The vector space Cy(K(x)) has a basis
consisting of the (-simplices in K (z) and Cy¢(K(z < y)) sends o € Ky(z) to K(x < y)(o) if
K(x <y)(o) € K¢(y) and to zero otherwise.

o)) 041

E Cg,1<K(x)) — Cg(K(x)) — Cg+1(K(SE)) — -

Jc“(x<w<y>) J@(K(Ky)) J0z+1(f<<w<y>) (3)

e O (K () 22— (K () 2 i (K () — -

Let Ch(Vec) and Ch(VecP ) denote the categories of chain complexes over vector spaces
and over P-persistence modules, respectively. We can view Co(K): P — Ch(Vec) as a
persistent chain complex or, equivalently, as a chain complex of persistence modules in
Ch(Vec”):

e O (K) <2 Cu() 2 i (K e -

where each Cy(K): P — Vec is a persistence module. We will adopt this global perspective
in the following.

2.2 Projective modules

To carry out computations with persistence modules, we need to represent them by matrices.
As with poset towers, it is not economical to represent a persistence module by a collection
of matrices M(x < y) for all x < y € P. Instead, we represent persistence modules by
elementary building blocks called projective modules. Since we work with a specific class of
modules, we will directly define the projective modules as in Definition 6. See [2, Theorem
I11.1.6, Lemma I11.2.4] for a reference showing that these are exactly the projective modules
according to the general definition [2, Definition 1.5.2]. Note that in persistence theory, one
often works with graded free modules. For Z?-graded modules over graded polynomial rings,
these coincide with graded projective modules. In the setting of modules over finite posets,
however, projective modules are generally different from free modules; see, for example, [2,
Chapters 1.5, II1.2] or [32, Definition 2.6].

» Definition 6 (Projective modules). We denote by Proj[z]: P — Vec the elementary
projective module at x € P defined for all y < z € P by

id ife<y<z

Projlx =
jl](9) 0 otherwise

0 otherwise

{FQ Tesu o Proj[x](y§z>={

A direct sum @)_, Projlx;] is called a projective module; see Figure 8 for an example.

Projective modules are well-suited for computations because morphisms between them
are simple and can be described by P-graded matrices.



T. Dey, F. Russold

T3

x1zv8

i) Tg

T2 3:7

T4

Figure 8 An illustration of a projective module with three elementary projective summands;
Proj[zo] shaded green, Proj[z1] shaded yellow, and Proj[z2] shaded violet.

» Proposition 7 (Properties of morphisms between projective modules).

1. For z,y € P:

F if y <
Hom ( Proj[z], Proj[y]) = 2 fys x
0 otherwise

as Fy-vector spaces.

2. For Q = @;, Proj[z;] and W = @]_, Proj[y;] projective modules:

m n

Hom (Q, W) >~ Hom (@Proj [x4], Proj [yj])
i=1 j=1

o @ @ Hom (Proj [x;], Proj [y]})

j=1 i=1
= {(Nji)ji € By ™ N = 0 if yj £ @i}

Proof. See Appendix A. |

» Definition 8 (P-graded matrix). Let f: Q — W be a morphism of projective modules
as in Proposition 7(2). Then f is completely determined by a matriz (f:);i2) ;—, € Fy™™
whose columns and rows are identified with the elementary projective modules in Q and W,
respectively. We call a matrixz representation (fji);n:’ijzl whose columns are labeled with the
grades x; of the summands Proj[z;] of Q and whose rows are labeled with the grades y; of
the summands Projly;| of W a P-graded matriz representation of f.

Notation for projective generators. To simplify the exposition, we introduce the
following notation: We view an elementary projective module Proj[z]: P — Vec as a
formal span of a projective generator (b*) and a general projective module @, Proj[z;] as
(b*r, ..., b"). If we pick an element x € P, then the vector space (@;L:l Proj [xl])(x) has a
basis {b%|z; < x} consisting of all formal projective generators born below x in P. Moreover,
for z <y € P, the linear map (@], Proj[z;])(z < y) is induced by the inclusion of basis
elements {b%|z; < z} — {b**|xy < y}. This allows us to simplify the notation for maps
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between projective modules Proj[y] L Proj[z] by b¥ — b* for x < y and, more generally,

1

1 n
Projly] —— @Proj [x]
i=1
by b¥ — b*t 4 - .- +b*. For fixed z; < y < z € P this can again be interpreted as the linear
map sending the basis element b¥ of (Proj [y]) (z) to the sum of basis elements b** - - - 4+b*» of
(P!, Proj[z;])(z). Given this notion of projective generators, we can also define P-graded
matrices to have columns and rows labeled by the projective generators of the corresponding
summands.

Equations of morphisms of projective modules. In the following, we will encounter
the problem of solving equations A o X = B of morphisms of projective modules, as depicted
in (4). The special properties of projective modules allow us to solve such equations, which
we will call P-graded linear systems, via standard linear algebra.

» Definition 9 (P-graded linear system). For a poset P, projective modules Q = @;._, Proj[z;],
U=, Projly;|, R = @;_, Projlz], and morphisms A and B as in (4),

Bl \\\X (4)
N

we call the equation Ao X = B a P-graded linear system for the unknown morphism X.

By Proposition 7, the vector space Hom(U, R) can be described as {(X;;)i,; € F5*™|X;; =
0 if z £ y;}. Using analogous matriz representations (A;j);; and (Bi;)i; of A and B,
respectively, we obtain the matriz representation of the composition by matrix multiplication:
(Ao X);; = 2221 A Xyj. The P-graded linear system Ao X = B can then equivalently be
defined as the following constraint linear system with coefficient matriz A:

S
(Ao X)ij :ZAika-j =B;j, V1<i<n,1<j<m
P (5)
Xij =0, V1<Ek<s,1<j<m such that z £ y;.
The following proposition shows that a P-graded linear system, as in Definition 9, can be
reduced to m unconstrained linear systems.

» Proposition 10. Let AX = (AXy,...,AX,,) = (B1,...,By) = B and Xi; = 0 for all
2k £ yj be a P-graded linear system as in Definition 9. Let ASYi Aﬁyﬂ', ngyj, and Xféyj be
the submatrices of columns and rows indezed by zy, such that z;, < y; and z % y;, respectively.
Then AX = B and Xy; =0 for all z, £ y; if and only if Agy-fXijj = B; and Xfyj =0 for
alll1<j<m.

Proof. See Appendix A. |

2.3 Projective resolutions

Every persistence module, and also every morphism between persistence modules can be
expressed by projective modules and morphisms between them. We will use this fact to
translate complex algebraic objects into P-graded matrices.
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» Definition 11 (Projective resolution and presentation).
1. A projective resolution of a P-persistence module M is a chain complex

0 q-1 M q0 QO q1 Ql q2 Q2 q3 . (6)

where Q; is a projective module and ker(q;-1) = im(q;) for all i > 0.

2. Let ¢: M — N be a morphism of P-persistence modules and M < Qo and N < W, be
projective resolutions of M and N, respectively. A lift of ¢ to these projective resolutions
is a family of morphisms feo: Qe — We:

0 q-1 M q0 QO q1 Ql q2 QQ q3 .
¢>J{ J{fo J{fl J{fz (7)
0 —— N «—— Wy +—— Wy +—— Wy —— ...

such that all squares in (7) commute.
3. A (projective) presentation of a P-persistence module M is an exact sequence of the form

OFM&Q()(LQl (8)

where Qo and Q1 are projective modules, qo is an epimorphism, and ker(qo) = im(qy).

Note that while M <% Qq in Definition 11 is important for theoretical arguments and
proofs, in practice M is fully described by ¢; since M = coker(q).

» Proposition 12 (Existence of projective resolutions).

1. Let M be a P-persistence module. Then there exists a projective resolution, as in (6).
The resolution is unique up to homotopy equivalence of chain complezes.

2. Let ¢: M — N be a morphism of P-persistence modules and M < Qo and N < W,
projective resolutions. Then there exists a lift fo: Qo — We of ¢, as in (7). The lift is
unique up to chain homotopy. This means that if ge: Qe — We is another lift of ¢:

0 q-1 M q0 QO q1 Ql q2 QQ q3 .

b S h S h
d’i g”ﬁf" \Oglufl NS
w N N X
0
Wo 2

0% N T APTT R AT

then there exists a chain homotopy he: Qe — Wei1 such that fi+g; = hi-10¢; +w;+10h;
foralli>1 and fo+ go = wy o hg.

3. Resolutions and lifts can be constructed iteratively. Any partial resolution or lift satisfying
the conditions in Definition 11(1) or (2) up to index i > 0 can be extended to a full
resolution or lift, respectively.

Proof. See Lemma 2.2.5 and Theorem 2.2.6 in [33]. <

Minimal projective resolutions. Since presentations and resolutions are not unique
up to isomorphism, they can contain superfluous information. For computational efficiency,
we want resolutions that are as small as possible.

» Definition 13 (Minimal projective resolution). A projective resolution M < Q., as in
Definition 11, is called minimal if Q; minimizes the number of elementary projective sum-
mands for all i > 0. A presentation is called minimal if Qo and Q1 minimize the number of
elementary projective summands.

8:13
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We will use an equivalent characterization of minimal resolutions based on the notion of
the radical and projective cover. This notion of minimality will be crucial for the algorithm
PIREP and the proof of its correctness.

» Definition 14 (Radical). Let M be a P-persistence module. Then Rad(M): P — Vec
defined for allz <y € P by

Rad(M)(x) = Z im(M(u < z))

u<x
Rad(M)(x <y) = Zim(M(u<x Me<y), Zlm (v <y))
u<w v<y

1s called the radical of M.

» Definition 15 (Projective cover). Let M be a P-persistence module. Then a morphism
g: Q — M 1is called a projective cover of M if Q is projective, g is an epimorphism, and
ker(g) C Rad(Q).

» Proposition 16. A projective resolution, as in Definition 11, is minimal, according to
Definition 13, if and only if q;: Q; — ker(g;-1) is a projective cover for all i > 0. Similarly,
a projective presentation, as in Definition 11, is minimal, according to Definition 13, if and
only if go: Qo — M and q1: Q1 — ker(qo) are projective covers.

Proof. See Appendix A. <
Finally, in our setting, minimal resolutions always exist.

» Proposition 17 (Existence of minimal projective resolutions). Let M be a P-persistence
module over a finite poset valued in finite-dimensional vector spaces. Then M has a minimal
projective resolution. The minimal resolution is unique up to isomorphism, consists of finite
direct sums of elementary projective modules, and its length is bounded by the longest chain in
the poset P. Moreover, every minimal presentation is the restriction of a minimal projective
resolution.

Proof. See Theorem 5.8 and Corollary 5.10 in [2] as well as Proposition 2.2.6 in [31]. <«

2.4 Projective implicit representations

To compute the persistent homology of a poset tower K: P — SCpx, we need to compute
the homology of the chain complex of P-persistence modules Co(K). For this task, it would
be ideal if we had a projective resolution of the whole chain complex C,(K), which can be
defined as a chain complex of projective modules @, together with a morphism of chain
complexes fo: Q¢ — Co(K):

O q1 q2 q3
lfo lfl lfz
0+ Co(K) «2— Cy(K) «2— Cy(K) 2 ...

such that Hy(fs): Hy(Qa) — H¢(Ce(K)) is an isomorphism for all £ > 0. Computing such a
resolution for arbitrary posets is a difficult problem. Fortunately, to compute the homology
Hy(Ce(K)), we only need to replace the relevant segment of Cy(K) by projective modules.
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» Definition 18 (Projective implicit representation). Let
0
be a chain complex segment of P-persistence modules. We call a chain complex segment
D5. D d&% D,
0

a projective implicit representation (PiRep) of H(C®) = ker(0,)/im(0,) if D, is projective
for x € {l,c,r} and H(C?) = ker(d..)/ im(d,) = H(D?).

In the following, we abbreviate projective implicit representation as PiRep.
» Remark 19. We note that we could also define a PiRep of H(C®) as a chain complex
segment D together with maps:

DS: D <% _ D, D,

! l Jfl pr Jfr

OM—C’ <—O

such that the squares commute and H(f%): H(D®) — H(C?) is an isomorphism. This
could be viewed as a “local” projective resolution and is more natural from a theoretical
perspective. The PiReps we will construct in the following satisfy this stronger property.
Nevertheless, we adopt Definition 18 to align with the notion of free implicit representations
used in the TDA literature. We also note that the most prevalent construction of free implicit
representations [9] does not satisfy this stronger property.

3 Constructing PiReps from projective resolutions

In this section, we establish the theoretical basis for our method to compute a PiRep of

Co1(K) & Cy(K) Qe Cy+1(K), as in Definition 18, from a poset tower K. Our method
consists of two steps. In the first step, we compute degreewise projective resolutions of Cy(K)
up to the second term, together with lifts of the boundary maps 9, to the resolutions up to
the first term, as depicted in (9) below. In the second step, we assemble the partial resolutions
and maps in (9), together with an additional correction term 9,41, to obtain a PiRep of
Hy(K). We note that the results presented below hold for arbitrary chain complexes of
P-persistence modules, but since we focus on poset towers, we present them in this context.

1 2
gt Py Peya
0 +— Cr1(K) <55 Gryr 2 Rpy1 < RRypq

\
aﬂ+1l f?-;.ll \19E+1 lfﬁ,l-u

pe

0+— Cg(K) o Ge \ii’e RR@ (9)

azl f?J{ er

0 +—— Cg-l(K) e Gy Piy Ry Pl RRy1

We use the following notation for the partial resolutions of Cy(K), illustrated in the
rows of (9). The zeroth term of the resolution is denoted by G,. It should be thought of

CGT
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as the module of generators of Cy(K). We will show in Section 5.1 that the set of simplex
generators Sy of K gives rise to a minimal set of (projective) generators of C¢(K). In the
following, we will slightly abuse notation and also denote the projective generators of Gy
by gg. Hence, we obtain G¢ = . s, Proj[z]. This means that with the right choice of
ay, as discussed in detail in Section 5.1, ay: Gy — Cy(K) defines the first step of a minimal
resolution (see Proposition 38). The first term of the resolution is denoted by Ry and should
K). We will denote its
projective generators by r* and simply call them relations. The second term of the resolution
is denoted by RR, and should be thought of as the relations of relations R, of Cy(K). We
denote its projective generators by r7* and call them relations of relations.

be thought of as the module of relations of the generators Gy of Cy(

Figure 9 shows an example of a poset tower and (10) shows the partial resolutions of
Cy(K) together with the lifts of the boundary maps, as in (9).

P et o
XK
p -

Figure 9 A poset tower over P = {xo,...
has a unique generator except v, which appears at x1 and x2. The two copies of v get identified at
x3 and x4 by relations r*3 r® — git + gi2. These two relations become the same at x5 and xs,
leading to relations of relations rr®® rr®® s r®3 4 p4,

,Ze } where all the maps are inclusions. Every simplex

Z6
Juovw D2 P2
G ( 1 )GQ 0 0
g 1 JO Jl
T2 2 f2
Jow \ 1
1 2
g g g G2 D 0 (10)
g/ 1 1 0
g 1 0 1 J? f
xT
>l o 1 0 1 9
@\ 0 0 1) Gy« Ry« RR,
r®s  pTe rp®s  ppTe
gu° /0 0 r® 1 1
g O 0 re\ 1 1
gl 11
gu2\ 1 1

We now need to assemble the projective modules and matrices in (9) in such a way that
we obtain a PiRep of Hy(K) = ker(dy)/im(9¢+1). We note that this is more or less standard
homological algebra, but we are not aware of a good reference explaining this process. We
provide proofs of the results in this section, omitted from the main text, in Appendix B.
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We start by discussing how to obtain ker(9y) from the resolutions. The running example
in Figure 9 and (10) illustrates the intricacies of this process. As one can see, the matrix f}
representing J; on the generators has no kernel. The image of the generators representing
the triangle uvvw is f} (g;fgv +gaL + g;"f;j,) = git +g>2. This is because at z; the only available
generator for the boundary vertex v of the edge uv is gi* whereas at z2 only g¥? is available
for the boundary of the edge vw. Hence, the kernel of f} is insufficient to represent the kernel
of 01, which is the P-persistence module ker(9;): P — Vec that is grade-wise generated by
the cycles ker (81 (a:)) in Figure 9. To get the correct kernel, we have to recognize that at x3

and x4, the two copies of v get identified, which is witnessed by the relations r*3 and 7%4.

The boundary of the triangle is zero modulo these relations. To account for this, we define
the morphism:

(2 piy): Ged Rey — Goa (11)

whose kernel serves as the generators of ker(dy). In the example, we obtain the matrix:

Juro  Yuv o T T
g /1 1 0 0 0
0 1) — g 1 0 1 0 0 12
(f 1 po) g 0 1 0 1 1 ( )
g2 N\ 0 0 1 1 1

whose kernel is generated by g% + gut + 952, + 772 and g3%, + gyt + go2, + r74. This kernel
represents the triangles at x3 and x4 in Figure 9. A problem ensues because these two
triangles become the same triangle at x5 and xg. Thus, the kernel of 0; has relations at x5
and zg. Since there are no relations between the edges, these relations have to come from
relations on 7*% and r*4. In general, relations on the kernel can, of course, also come from
relations on the edges. We account for the relations in Gy and Ry by defining the following
morphism:

P0
<p€ 5 > : Rg® RRy-1 — ker (f) piy) (13)
fo pia

from the relations of the domain of (11) to the kernel of ( f? p%_l) where we additionally
include the morphism f}: R, — Ry-1 from (9). The morphism f;} is needed to make (13)
well-defined. Since

1
0 oo (g
12

_ 0 1 1 1 1 2 _
2 1) =(fopi+ppioff piyopiy) =0,

we obtain a well-defined map to the kernel. In our running example, the matrix of relations
on the kernel is just pg, which leads to the identification of the two generators of the kernel
at x5 and zg.

» Proposition 20. The following sequence is exact:

(5 +i.)
(Oée 0) fel plgfl

0 «— ker(9y) «+— ker (fQ p},) ¢—— R¢® RRy1. (14)

Proof. See Appendix B. <
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Proposition 20 shows that ker(d,) is the cokernel of (13), but this is not a presentation
since ker ( 7 p}fl) is not necessarily projective for general P.

To obtain a representation of the homology ker(d;)/im(ds+1), we have to construct a
morphism representing dyy1: Cyy1 — ker(9;). The morphism Jyy1 is represented by f&_l on
the generators but, as one can see in (10) and (12), for the poset tower in Figure 9, f9 does
not map to the kernel of (f{ p{). The problem is that f{ o f # 0 because the boundary
of the triangle is only zero modulo relations. In other words, the morphisms (f{), on the
generators do not form a chain complex. However, because they lift the differentials (9y)y,
which compose to zero, they compose to zero up to homotopy. By Definition 11(2), fJ o f19+1
is a lift of 9¢ 0 Jp+1 = 0 to the generators. Proposition 12(3) guarantees that we can extend
these partial resolutions and lifts to full resolutions and lifts fy o fsr1. Obviously, the zero
map is also a lift of 9y 0 g1 = 0 to these resolutions. Proposition 12(2) then implies that
feo feq1 and 0 are homotopic, which means that there exists a morphism ¥y11: Gyy1 — Ry-1,
illustrated by the dashed arrow in (9), such that p;_ 0911 = f o f, 1 +0 = fP o fP,,. This
motivates the definition of the following morphism:

(f£+1> G — ker (f) pjy) ”

Poq1

representing Jp41. Again, the additional morphism 41 is needed to make the map well-
defined. Since

fO
P sia)e (J) = et +pks v =0

we obtain a well-defined map to the kernel. In the running example (Figure 9), this homotopy
for f2 o f9 can be chosen as

Guvw
19 _ 7'13 1
? r 0
sending the triangle to a relation annihilating its boundary. We now combine (13) and (15)

to represent ker(9y)/im(dp41). Let m: ker(9y) — ker(9dp)/im(0+1) be the projection to the
cokernel.

» Proposition 21. The following sequence is exact:
ftp+1 P% 0
O fil p?—l

Proof. See Appendix B. |

mo(ag O
0 +— ker(9y)/im(9p41) # ker (f) i)

Gry1® Ry ® RRy_y.

Proposition 21 implies that ker(dy)/im(9¢+1) is isomorphic to the cokernel of the matrix
built from (13) and (15). The exact sequence in Proposition 21 is already a presentation of
the homology ker(9y)/im(9y1) if ker (f? p%{) is projective. Again, note that this is not
necessarily the case for general posets. In any case, we obtain a PiRep of the homology as
stated in the following theorem.

» Theorem 22. The following diagram

(flerl P%

0
(f? pé—l) Vo1 fi Dia
%

Gy Go® Ry Gi4+1 D Ri® RRy1 (16)
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is a projective implicit representation of ker(9y)/im(9p41)-
Proof. This follows directly from Proposition 21. <

In the case where ker (ff p},) is not projective, computing a presentation of the
homology ker(d;)/im(9¢+1) from a PiRep, as in (16), requires the computation of a projective
resolution of ker ( fg p}_l). Over a general poset, this is not trivial but there are available
algorithms for this task. For completeness, we will discuss this part in Appendix D.

In our example, we obtain the following PiRep of H;(K):

g%, T rre

9u%  Guv  Gon T T Gu's 1 0 0
g /1 1 0 0 0 g [ 1 0 0
g 1 0 1 0 0 go2 1 0 0
gr | o 1 0 1 1 o3 1 1 1
g2 \ 0 0 1 11 e \ Q 1 1
Go G1 9 Ry G2 ® RRy

In this case, the kernel of ( Vs pé) is already projective and, after a change of basis, denoted
by =, we obtain the following presentation of the homology:

rr®o rre  gis.,  rr®

2o 0 o1 1 1\ ™ (1 1 0
do  fi p3) er(ff po) — w7\ 0 1 1) e\ 0 1)

It is generated by the two triangular cycles appearing at 3 and x4 in Figure 9 which get
identified at =5 and killed at xg by the triangle.

» Remark 23. On a high level, the construction of this section is a truncated version of a
homotopical method that computes a projective resolution of an entire chain complex, as
discussed in Section 2.4, from projective resolutions of its individual terms. Let C, be a
bounded-below chain complex, Cy < Q¢ be projective resolutions, and f£: Q4 — Q4! be
lifts of the boundary maps 0p: Cy — Cy_1. If consecutive lifts would compose to zero, Q3
would form a double complex whose total complex is quasi-isomorphic to C,; see [33] Section
2.7. But for fixed resolutions @3, it may be impossible to choose lifts with this property; see
for example (10). Proposition 12 guarantees that compositions of these lifts are homotopic
to zero. Thus, the resolutions and lifts form a chain complex in the homotopy category.

However, to construct a total complex, these homotopies must be retained explicitly as
additional data. Moreover, these homotopies are also only compatible up to a choice of higher
homotopy. The appropriate structure is therefore a homotopy-coherent analogue of a double
complex that records all the higher homotopical structure. Its homotopy-coherent total
complex includes the resolutions and the lifted boundary maps as well as all contributions
from the chosen homotopies and higher homotopies and is quasi-isomorphic to C,. This
homotopy-coherent total complex construction is discussed in [30] in a different setting. The
existence of this homotopy coherent structure in our setting follows from the fact that the
homotopies guaranteed by Proposition 12 are again unique up to higher homotopy and the
analogous uniqueness holds at every higher level.

This homotopy coherent approach is different from the more well-known Cartan-Eilenberg
method; see [33] Section 5.7. That construction uses projective resolutions of the boundary
and homology modules of C, to obtain compatible resolutions that directly form a double
complex. But this is not suitable for our purpose because it requires resolving the homology
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modules first. Our aim is to compute a PiRep to facilitate an efficient global homology
computation.

Because we only focus on a segment of C,, we only need to compute degreewise resolutions
up to the second term and we only have to incorporate one component of the degree one
homotopies. Truncating the chain complex allows us to ignore the higher order structure
which would account for longer range interactions.

4 PiRep algorithm

4.1 Input, output, and data structures

In this section, we describe an efficient algorithm to compute a PiRep of Hy(K), as in
Theorem 22, from a poset tower K: P — SCpx. The PiRep consists of the two block
matrices in (16), whose entries come from projective resolutions of Cy(K) up to the second
term, lifts of the boundary maps d; up to the first term, and a correction map 9,11, as
depicted in (9). Therefore, our algorithm has to compute matrix representations of the maps
py, p7 representing the resolutions of Cy(K), ff, f} representing the lifts of 9y, and Uy .
Instead of performing an algebraic brute-force computation, we make essential use of the
special structure of the modules Cy(K) and morphisms 9, to compute all these maps in a
combinatorial fashion from the following representation of the poset tower K.

Input: A poset tower K: P — SCpx represented by:

The Hasse diagram of P as a directed (transitively reduced) graph.

Alist S = {gZ!,...,gs" } of simplex generators.

Alist C={c! 35, .. ,ci’g:jfj@;’n“} of edge events.
The complexity of the proposed algorithm is measured with respect to the input size, which
includes (i) t = to + t1, the number of vertices (¢g) and edges (¢1) of the graph representing
P, (ii) n =n’ +n”, the number of simplex generators in S plus the number of edge events in

C. Additionally, we assume that the maximal simplex dimension is constant.

Output: P-graded sparse matrix representations (containing only the non-zero entries) of

(f? p%—l) and <f19+1 pé 0>.

Der1 [l Pia
As already discussed in Section 3, the set of simplex generators Sy gives rise to a minimal
set of generators of Cy(K) allowing us to define Gy = B . ¢ 5, Proj[z] (see Proposition 38).
Given this set of generators, we have to determine how they are related. A presentation of
C¢(K) based on Gy can be built using the following three kinds of relations. The fact that
these three types of relations are sufficient to form a complete presentation is a consequence
of the proof of correctness of our algorithm in Section 5.1, which constructs the presentation
by adding exactly these relations.
1. Two generators g~ and g of the same simplex ¢ born at different grades can join at a
grade b > z,y where they must be identified by a relation r® ~ g% + g¥.
2. An ¢-simplex o € K(a) represented by a generator g% can be collapsed into an £-simplex
7 € K(b) represented by a generator ¢g¥ via a simplicial map such that K(a < b)(o) = 7.
In this case, they also have to be identified by a relation r° +— g% + g¥.
3. An /-simplex o € K(a) represented by a generator g% can be collapsed into a simplex
7 € K(b) of dimension < ¢ via a simplicial map such that K(a < b)(c) = 7. In this case,
the generator has to be killed by a relation r° — g2.
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To provide some intuition why generators in a poset tower are always related in pairs, we
look at the example in (17), where three copies of the same simplex o join at 4.

T4 o) k
0 N AN N
P K Ci(K)

These three copies cannot be related by a single relation at x4 because the presentation
matrix in (18) on the right would induce a two-dimensional cokernel at x4. Instead, they
have to be related in pairs as shown in (18) on the left.

T4

T T T
9" (1 0 95" [ 1
pr= g2 |1 1 : pi# g |1 (18)
9> \0 1 9, \'1

The complexity of finding these relations arises because they depend on each other. Two
generators g& and g¥ should not be identified at a common join if one of them is already
killed by a relation at this point. In this case, they are different simplices. However, we also
cannot just treat them as different simplices because they might have to be identified at some
other join. Moreover, many generators can meet multiple times at multiple points along the
poset tower. Therefore, we need an efficient method to keep track of which generators have
to be related, which simplices are already related, and which simplices are already dead.

Graph structure. Our key observation is that we can model the relations by a P-filtered
graph, where P = P U {—o00} such that —oco < z for all z € P. The generators in a poset
tower always get related in pairs (Cases 1 and 2) except in the case of simplices getting
totally collapsed (Case 3). But we can model the third case by a generator that gets related
to a distinguished “graveyard” vertex ) at grade —oo. Together with this distinguished
vertex ), we obtain a P-filtered graph G: P — ACpx., (Definition 39) whose other vertices
are the generators g~ € S, born at grade z, and whose edges are the relations r° — g% + g¥
or r’ 5 g% + Q, born at grade b. In particular, each vertex and edge of the P-filtered graph
G is born at a unique grade in P. Therefore, we can directly represent the boundary matrix
of G by a P-graded matrix. We formally define G as a one-dimensional P-filtered A-complex,
because there can be multiple edges between two vertices. The following theorem is a direct
consequence of the proof of correctness, in Section 5, of the upcoming algorithm PIREP (see
Definition 39 and Theorem 45).

» Theorem 24. Let K: P — SCpx be a poset tower. Then there exists a P-filtered graph
G: P — ACpx.,, where each verter and edge is born at a unique grade x € P, with P-
graded boundarg matrix T?% such that the matriz p}, obtained from T?% by removing the row
corresponding to a distinguished vertex Q@ at —oo, is a minimal presentation of C¢(K).

At every grade « € P, the connected component of € in G(z) represents the simplices that
already died. Each remaining connected component represents a simplex in K (z). Moreover,
the cycles in G represent the kernel of the presentation matrix p; which corresponds to
the relations of the relations (see Definition 11(1)). In the following algorithm PIREP, we
successively build the graph G by adding generators and relations between them in the form
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of vertices and edges. If a new relation is added that forms a cycle in G(x), then this new
relation is a linear combination of other existing relations, which should not be added to
the minimal presentation (see Definition 15). Nevertheless, a cycle that is generated by the
inclusion of edges from predecessors implies a relation of relations.

The special structure of p} is also crucial for the efficient computation of f} and J41.
These morphisms are determined by the equations pj ;o f; = fop} and pj_ 00,41 = flofp, 4,
i.e., by P-graded linear systems as in Definition 9. By Proposition 10, for a specific column of
fél, corresponding to a relation %, or a specific column of ¥, 1, corresponding to a generator
g%, these equations can be solved via a standard system of linear equations, where the
coefficient matrix is the boundary matrix of G(x). Using this graph structure, we can solve
these systems in linear time.

Matrices. Our algorithm computes matrix representations of p}, pZ, f7, f}, and 9p41.
All matrices are implemented with a sparse representation that contains only non-zero entries.
As a result, the space and time complexities for computing and representing them may
be less than their actual size given by the product of their row and column dimensions.
While analyzing the time complexities of the algorithms, we assume that the matrices are
represented sparsely.

The rows of p; and the rows and columns of f? are associated to generators g%, i.e., we
maintain a bijective map I — {g%} for the index set I for rows. Similarly, the columns of
p;, the rows and columns of f}, and the rows of p? are associated to relations r* and are
indexed by a graded identifier. This identifier is the column index paired with the grade
x if the column is added at the grade x. In other words, denoting this identifier as r®, we
maintain a bijective map J — {r®} for the column index set .J. Therefore, we write p}[gZ, rY]
for p}li, j] if i = g% and j — r¥. We use this notation to address entries of a matrix in our
algorithm to simplify presentation even though the matrix is implemented with a sparse
representation. The columns of the matrix p? are associated to relations of relations and
are indexed by a graded global counter rr. A column gets the identifier rr® if the column is
generated at grade z. We write p2[r®, rr¥] in place of p?[i, j] if i — r® and j — rr¥.

In what follows, the algorithms handle all degrees ¢ > 0 together and thus maintain single
matrices p', p?, f°, f', and ¢ accounting for all degrees.

The main routine PIREP computes a linear extension zo, ..., xs-1 of the poset P. Then
it iterates over each grade x; maintaining the invariant that, for every degree ¢ > 0, it has
correctly computed matrix representations of the maps pj, p?, f¢, f}, and Jp41 restricted
to the subposet induced by grades xg, ..., x;. We note that the choice of linear extension
is arbitrary, and different choices may yield different output matrices. However, since the
matrix representations of (even minimal) presentations and projective resolutions of modules
are generally not unique, this behavior is expected. In Section 5, we prove that any choice of
linear extension produces a correct PiRep.

The algorithm maintains a set L%, of active generators, i.e., a set of pairs (o, g¥) such
that the generator g¥ represents the simplex o at the grade z;, and a forest F¢, of active
relations. The set L%, helps to determine the relations Ry (columns of p}) that may arise due
to vertex collapses handled by the subroutine COLLAPSE or by identification of generators
handled by the subroutine GENERATOR. The forest F/,, initialized with a special vertex €2,
helps to determine superfluous relations in R, and thus helps guarantee minimality of p} and
also to determine relations of relations RR, registered in the matrix pf by the subroutine
RELREL. The special vertex {2 plays the role of a “graveyard” vertex, which gets attached to
any edge in the relation graph generated by a “vanishing” simplex due to collapse.

The subroutines take the arguments in the parentheses as input and update the global
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matrices p!, p?, f°, f!, and ¥ along with other global structures such as an active list L2,
and graphs G5, and Fg5,, as part of their output.

4.2 Algorithm

Algorithm PIREP (P, C, S)
Compute a linear extension xo, ..., xy-1 of P;
Initialize empty matrices p', p%, f°, 1, ¥, and counters r = 0, rr = 0;
For7:=0totg—1do

Call COLLAPSE(P, C, x;);

Call GENERATOR(P, S, x;);

Call L1FT(z;);

Call RELREL(x;)

ol S

In the routine COLLAPSE, for every poset edge y < x, we handle collapsing a vertex v to
a vertex w. In step 1, we initialize an empty list of active generators L¥ ., which we keep
associated with the grade x for subsequent use. In step 2, we compute the union of forests
Uy<aFos Tesulting in a graph G, that may not be a forest. This graph (relation graph)
is used and updated in the successive steps and routines (Figure 10). In step 3(a), every
simplex o € K (y) gets its vertices updated either remaining the same (v — v) or renamed to
w (v — w); e.g. in Figure 7, the edges uv, uw and vw at x4 become uw,uw and ww at s,
respectively.

If a simplex o in K(y) after vertex renaming contains none or only one of v and w, it
is included in L%, with the appropriate generator (step 3(b.i)); e.g. uv from 24 becoming
uw at x5 is added to L5, with generator gZ1. Similarly, the edge uw from z4 remaining vw
at 5 is added with the generator g*2 . Now, L5, has two copies of uw with two different
generators. They are identified by the routine GENERATOR.

Otherwise, in step 3(b.ii), the vanishing simplex o, such as the edge vw becoming ww, is
not included in LZ,,; instead, a relation is generated for p! unless the addition of this relation

to the graph Gi, generates a cycle. For the vanishing edge vw, we add the edge ez”é 473

"YGow

to the graph G5, which does not create a cycle (Figure 10 (bottom right)). Therefore, we
create a column indexed by r®s for the relation r{® — g% setting p'[¢Z2, r®] = 1.

Algorithm CoLLAPSE (P, C, )

1. Initialize L%, := 0 and keep it associated with grade x;

Y x

2. If z is not minimal in P, compute G%., 1= Uy~ F,.;, else initialize G7,

acty
3. For all y < « do
a. Compute K(y < ) as v — w if 2%, € C and as v — v else;
b. For all (0,g7%) € L}, do

act

i. If K(y < x)(o) has no repeated vertices
Add (K(y < z)(0),95) to Li;
ii. Otherwise, if adding €la,g) tO GZ ., does not make a cycle
Ip

Add edge 6?9795) to G2y

. with vertex €;

Add a column with index r* in p* with p'[gZ, r*] = 1; r++

In the routine GENERATOR, we add a pair (o, g%) to the active set LZ , if o has a generator
at the current grade x. After adding a new generator g%, we record its boundary map in f°
by calling the routine BOUNDARY (step 1). In BOUNDARY, we find active generators for the
boundary of ¢ and map the new generator of o to these boundary generators. Because we
add simplices in order of increasing simplex dimension and because each simplex is either
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°q., .f// glve g v'/f“ o f// 5 £
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v, for vertices (¢ = 0) on left and for edges

Figure 10 (Figure 7 example) Relation graphs G
(£ =1) on right.

generated at grade x or is the image of a simplex in a predecessor, at this point, each
boundary simplex has at least one active generator. If the active set contains a simplex o
with two different generators, they are identified by a relation. If this relation does not create
a cycle in the relation graph GZ,,, we add it to both G¥,, and p'. Otherwise, we ignore it as
a superfluous relation.

Again, consider the example in Figure 7. First, consider the case for edges (¢ = 1). At x5,
we have (uw, g¥1) and (uvw, gZ2)) in L7, from the routine COLLAPSE. We identify the two

copies of uw, and add the edge exjml g2y tO the graph G5, whose addition does not create a

cycle; see Figure 10 (bottom righ(t)TvTilérefore, we generate a relation 75° — g¥1 + g¥2 (step
2(a)), and delete, say, (uw, g%2) (step 2(b)). A column for r5° is added to p'.

Next, consider the case for vertices (¢ = 0). At x4, three generators ¢g¥', g¥2, and g3 of
v generate the pairs (v, g2'), (v, g22), and (v, ¢g¥?*) in L7%, after the COLLAPSE call. Step 2
potentially creates three relations ri* — go* + ¢22, r3* — g2 + ¢23, and rg* — g7' + g7s.

Assuming that edges for relations r7* and r3* are added first in G4, (Figure 10 (bottom

left)), the edge for r5* (shown dotted) creates a cycle. So, it is not added to G2, and

act»

equivalently only columns for relations r{* and r5* are added to p.

At the end (step 3), we compute a spanning forest F7., of G, which we keep associated
with the grade z for subsequent use. In Figure 10 (bottom left), FZ., happens to be the
same as G~ for every x. However, it is possible that, at a grade z, relation forests from
predecessors come together to form a cycle, see e.g. grade x4 in Figure 11. In this case, the
relation forest and the relation graph would be different and the edges (e gv2), €(4v2 o))

not included in the forest would give rise to relations of relations, adding two columns to p2.

Algorithm GENERATOR (P, S, z)

1. For all g% € S (in increasing order of simplex dimension) do
Add (07 gg) to Ltazjct;

Add vertex g% to GZ.,;

Call BOUNDARY(z, 0);
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Figure 11 Relation graphs G_/,;
to s, is a proper subgraph of G;4,.

poset tower not shown; the relation forest F, 2, which is passed

2. For every ((0,9%),(0,9;) € Lge) and (g% # g;) do
a. If adding edge €,y .., to Gg., does not create a cycle
Y.95

Add edge €lgu.q2) 1O G2
1,93
Add column r* in p! with p'[g¥,r*] =1 and pl[gz, r*] = 1; r++;
b. Delete (o, g7) from L ;

a
3. Compute a spanning forest F7,, of GZ, and keep it associated with grade z

Algorithm BOUNDARY (z, o)
1. Find (71,9%), ..., (Tk, g¥%) in Lf,; s.t. Zle 7, = 00;
2. Add column g% in fO with f°[g)?,¢%] =1Vj € {1,... .k}

In the routine LIFT, we compute the matrices f! and ¢, by lifting the maps f° o p! and
%o f9 along p'. Let A[:,ind] denote the column of a matrix A with the column index
ind. Then the lifting is carried out by solving the equations p* o f1[:,r*] = f° o p*[:, r*] and
plo[:, g% = fOo fO[:, ¢%] at the current grade z, for all unknown columns f1[:,r*] and
I[:, g%], indexed by r* and g%, respectively.

The columns of the coefficient matrix p' and the rows of the right-hand side f° o p!
and f° o fO correspond to edges and vertices in the total relation graph G associated to p!,
respectively (see Theorem 24). By Proposition 10, to solve the equations, we only have to
consider those columns and rows that are indexed by a grade less than or equal to z, which
correspond to the edges and vertices of G(x). Moreover, it is enough to consider only the
columns corresponding to the edges in a spanning forest of G(x), since these columns already
yield the full column rank.

The algorithm maintains such a spanning forest FZ,, (see Lemma 41). For each equation
plo fl:,r*] = fO o p![;, r®], it first computes the right-hand side b[FZ,, \ ] == f° o p'[:, r?]

and b[Q] == To f° o p'[:, r®], where b[FZ,, \ Q] is a vector indexed as the rows of f° o p!,
T=(1 --- 1), andb[Q] is an additional row that accounts for the additional vertex (2 in the
relation graph. For a connected component C of FZ,, let V(C') and E(C) denote its vertices

and edges. Then for each such component, the algorithm calls the routine TREESOLVE (see
details in Appendix C) to solve the equation p'[V(C), E(C)] o f1[E(C),r*] = b[V(C)] in
linear time. Here p'[V(C), E(C)] is the boundary matrix of C, which is p! with an additional
row accounting for the vertex  (see Theorem 24) restricted to the vertices and edges in the
component C'. The computation for ¥ is analogous.
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Algorithm LIFT (z)
1. For each r* added at grade x do
a. Compute BFz, \ Q] = [0 pl[, ] and b0 = To f° o pl[:,17;
b. For each connected component C of F7., do
Set fLE(C),r*] =TREESOLVE(C, b[V (C)));
2. For each g added at grade z do
a. Compute HFz, \ Q] = 0o fOL: g2] and Q] = To %o fO[:, g2];
b. For each connected component C of FZ, do

act

Set I[E(C), g%] :=TREESOLVE(C, b[V (C))])

The routine RELREL creates relations of relations adding columns to the matrix p?. It
uses the spanning forest F7,, of the relation graph G¥ ., available at this stage. For every edge

in GZ., that is not in F7,, it computes a cycle, say v, and registers a relation of relations
using the edges on 7. It is registered as a column in p?. For example, in Figure 11, the two
edges e(u1 gv2), (g2 o) add two columns rr{* and rr3* to p?. Finally, there is an option to

call REDUCE which minimizes p?.

Algorithm RELREL (z)
For every edge e € GZ ,\ FZ, do

1. Find the path of edges eZ',...,e% in F¥

"+ connecting the vertices of eZ;

2. Add a relation of relations rr® in p? where p?[r%i, rr®] = 1 Vj € {0,...,s}; rr++;
(Optional) Call REDUCE (x)

The routine REDUCE removes redundant relations of relations by left-to-right column
reduction of an appropriate submatrix of p?. This makes p? minimal as we prove in
Proposition 50.

Algorithm REDUCE (z)

1. Compute the submatrix AS® of p? consisting of columns with indices rr¥ such that y < x
and the column order respects the chosen linear extension of grades;

2. Reduce AS* (with left-to-right column additions as done in standard persistent homology)
such that each column either has a unique row as a pivot or is completely zeroed out;

3. Remove a column with index rr® from p? if the column is reduced to a zero column in
the reduced matrix AS®

4.3 Time complexity analysis

We analyze the time complexity of the algorithm PIREP. Let ty and ¢; be the total number
of vertices (grades) and edges, respectively, in the directed acyclic graph (Hasse diagram)
representing the poset P and let ¢t = tp + t1. Let n denote the number |S| of generators
plus the number |C| of edge events input to the algorithm. Thus, the maximum number of
simplices in the complex K (x) is O(n) for any x. The maximum dimension d of a simplex is
assumed to be constant for this analysis. For this analysis, we denote by w, the number of y
in P such that y < x and note that Zzep Wy = 7.

We first analyze the maximal size of the data structures L ,, Fi.., and GZ_, at a given
grade z. At a minimal element in P, the size of L%,
O(n) simplex generators to it in GENERATOR. For each y < x, LY, contains at most one pair
(0,g¥) for each o € K(y) at the end of GENERATOR because we remove all but one such pair.
Hence, at the end of GENERATOR LY, is of size O(n). This implies that COLLAPSE adds at

act

is clearly O(n) because we add at most
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most O(w,n) elements and GENERATOR adds at most O(n) elements to LZ_,. Therefore, the
maximal size of LZ,, at any point in the algorithm is O((w, + 1)n).

The set of vertices of FZ,, always corresponds to a subset of the set of simplex generators
S, so it has at most O(n) vertices. Thus, the forest F7., is of size O(n) at any point of
the algorithm. The graph GZ,, is first initialized in COLLAPSE as the union of all F/,, with
y < x. Thus, it has size O(w,n) after initialization. Also, as there are at most O(n) vertices
overall, G7_, contains at most O(n) vertices throughout. In particular, G7,, has at most O(n)
components. Because in COLLAPSE and GENERATOR we only add edges if they do not create
a cycle, each added edge must connect two components. This implies that we can add at
most O(n) edges at each grade z and thus the graph GZ,, has size O((w, 4+ 1)n) at any point

of the algorithm.

X

Analysis of COLLAPSE. First assume that w, =0, i.e., the grade  has no predecessors.
In this case, we only initialize G¥., with the vertex 2, which can be done in constant time.

Over all grades « € P such that w, = 0 this takes at most O(ty) time. Notice that the
poset P = P U{—o0} has a single minimum at {—oco} where the vertex Q is born, but our
algorithm directly operates on P. Thus, we have to initialize a vertex ) at each minimal
element of P, which are the only grades where w, = 0.

Now assume that w, > 0. Step 1 clearly takes constant time. In step 2, we construct G2,
as a union of w, forests F, of size O(n). Since we have a fixed set of vertices, corresponding
to the simplex generators, this can be done in O(w,n) time.

For a given y < , let n, < n denote the number of simplices in K (y) and n,~, denote
the number of edge events on the poset edge y < x. Step 3(a) can be done using a dictionary
(implemented with a simple array of vertex ids) for y < z initialized as v + v for all vertices
in LY ,,

v w for ¢42% . In step 3(b), we update at most n, simplices using this dictionary, which

which has length at most n,. Then we go over at most n,~, edge events and set

can be done in constant time because we assume the maximum dimension d of a simplex to

be a constant. The same is true for checking whether there is a repeated vertex in step 3(b.i).

For step 3(b.ii), we can use a union-find data structure [10] to check efficiently whether
an added edge creates a cycle in the graph G7.,. Such a union-find data structure for the
components of GZ,, can be initialized in O (nwya(n)) time (once per grade z), where a(-) is the
extremely slowly growing inverse Ackermann function. Over all grades this adds a total cost

of O(tyna(n)). Note that if there are no predecessors we do not need the union-find structure.
With this union-find data structure, we can check if an edge creates a cycle in O(a(n)) time.
An edge creates a cycle if and only if the two endpoints are already in the same component.

If they are in different components, the edge does not create a cycle and the two components
are merged. Therefore, step (3) takes at most O(ny + ny<s + nya(n)) = O(na(n)) time
for each y < . Over all grades € P such that w, > 0 and all w, predecessors y < =
this results in a worst case complexity of >, O(wyna(n)) = O(ntia(n)). Hence, overall
COLLAPSE has a worst-case complexity of O(ntia(n) + to).

Analysis of GENERATOR. Step 1 in the routine GENERATOR accesses the generators in
S and their boundaries. Finding the simplex generators born at grade x and adding them
to L., takes at most O(n) time and we add at most O(n) generators. When adding these
new generators, we also update the union-find data structure for the components of G ,,
initialized in COLLAPSE, which can be done in constant time, since each generator added at
this point forms a new component. For each added generator, finding active generators of
its boundary can be done in O(d) time, assuming that simplices and their boundaries are
maintained with an appropriate pointer data structure. Assuming d to be a constant, we get

a total complexity of this step as O(n) per grade and O(ntg) over all grades.
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In step 2, we identify all pairs (o,g¥) and (o, g7) with the same simplex id. This can
be implemented efficiently as follows: We maintain L7 , with an array of lists containing
all pairs (0, ¢¥) indexed by the unique id of the simplex . Then for each simplex o that
appears in that array, we keep the first list entry (o, g¥) indexed by o and remove all following
(o, g;). For each removed (o, gZ), we have to check if adding the edge eﬁ(“gg’g;) creates a cycle

in G¥,,. As discussed in the analysis of COLLAPSE, this can be done in O(a(n)) time using
the union-find data structure on the components of G¥.,. We have already analyzed that
L%, is of size at most O((wy 4+ 1)n). Therefore, we have to check for at most O((w, + 1)n)
many (o, g7). Hence, step (2) takes O((wy + 1)na(n)) time per grade and O(nta(n)) time
after summing over all grades.

In step (3), we compute a spanning forest F7,, of GZ .. As we have analyzed above, the
graph G2, is of size O ((w; +1)n). Computing a spanning forest can be done in O(|Vertices| +
|Edges|) using breadth-first or depth-first search. Thus, step (3) costs O((w, + 1)n) per
grade and O(nt) over all grades. Therefore, overall the routine GENERATOR has a worst-case
time complexity of O(nta(n)).

Note that the matrix p! gets at most O(n) columns at every grade x because they
correspond to the edges of the forest =, (we only add edges that connect two components).
Therefore, overall we add at most O(ntg) columns over all grades and p* has at most O(nty)
columns. Each column of p! has at most two entries in sparse matrix representation. Thus,
the overall time (and memory) cost of creating a representation of p! is O(nto).

Analysis of LirT. In step 1(a), we first compute f° o p![:,r*]. Since each column of p'
has at most two entries and each column of f° has at most d + 1 entries, computing this
product is equivalent to an XOR of two columns of f© in sparse matrix format and takes
constant time (d is assumed to be constant). Moreover, f° o pl[:,r*] has at most 2(d + 1)
entries, which implies that computing T o f9 o p'[:, r?], i.e., summing up all entries, can also
be done in constant time. Let nc denote the size of the connected component C of FZ,,.
Since F7,; is of size O(n), we have O(>_~n¢) = O(n). By Theorem 57 in Appendix C, the
call of TREESOLVE on C' costs O(n¢) time. Thus, overall step 1(b) takes time O(n). We
execute step 1 exactly once for each r” added at grade x. Since there are at most O(nty)
relations, the total cost of step 1 over all grades z € P is O(n?ty). For step 2(a), we again
note that f° has at most d + 1 entries. Thus, step 2(a) can also be done in constant time.
The complexity of step 2(b) is O(n) by the same argument as for step 1(b). We execute step
2 exactly once for every generator g~ added by the algorithm at grade z. Since there are at
most O(n) generators, the total cost of step 2 over all grades z € P is O(n?). Thus, in total
LIFT has a worst-case time complexity of O(n%ty).

Analysis of RELREL. Steps 1 and 2 take at most O(n) time per edge eZ° since F7Z,,
has size O(n). We have that GZ, \ FZ,, is of size O(wyn) because after initialization GZ., is
of size O(nw,) and every edge added afterwards to GZ., is in FZ,,. Counting over all edges

of G%,, \ FZ.,, we get a complexity of O(n?w,). Then, over all grades, we get a bound of
0>, n*w;) = O(n?ty). Notice that, at every grade x, we add at most O(w,n) columns to
p?. Therefore, p? has at most O(nt;) columns. Because each column of p? corresponds to the
relations/edges on a path in the forest FZ,, plus one additional edge closing the cycle, it has
at most O(n) entries. Thus, the overall time (and memory) cost of creating a representation
of p? is O(n?ty).

Analysis of REDUCE. The most costly step in REDUCE is the matrix reduction. This
can be done in O(s*) time if the matrix has O(s) columns and rows, where w < 2.373 is the
exponent for the matrix multiplication time complexity [1]. By the analysis of RELREL, the

matrix AS* being a submatrix of p?, cannot have more than O(nt;) columns. Moreover,



T. Dey, F. Russold

since the entries in the columns of p? correspond to relations (columns of p'), in non-sparse
representation p? has at most O(nty) rows (see analysis of GENERATOR). Then, REDUCE
takes O(n‘”t“) time per grade and O(n“t‘““‘l) time for all grades.

The proof of correctness in Section 5 together with Theorem 22 establishes that the
algorithm PIREP computes a projective implicit representation of Hy(K). It also establishes
that p} is a minimal presentation (Theorem 45), that p7 without the call of REDUCE is
asymptotically minimal (Proposition 48), and that p7 with the call of REDUCE is minimal
(Theorem 51). We summarize this in our main theorem:

» Theorem 25. Let K: P — SCpx be a poset tower represented by the Hasse diagram of P

with ty nodes and ty1 edges, together with the lists S and C of simplex generators and edge

events. Sett =to+t1 and n = |S|+|C|. Then the following statements hold for all £, where

(1) uses only COLLAPSE and GENERATOR, (2) additionally uses RELREL, (3) additionally

uses REDUCE, and (4) refers to the full algorithm without REDUCE.

1. PIREP computes a minimal presentation matriz p; for Co(K) with O(nto) columns in
O(nta(n)) time.

2. PIREP computes matrices p} and p3, representing a projective resolution of Cy(K) up to
the second term, in O(n?t) time. The computed matriz p7 has O(nt1) columns, which is
asymptotically minimal because a minimal p7 can have ©(nty) columns.

3. PIREP computes a minimal p? in O(n“t“’“‘l) time.

4. PIREP computes a projective implicit representation of Hy(K) in O(n?t) time.

5 Correctness of the algorithm PiRep

In this section, we prove the correctness of the PIREP algorithm, hereafter referred to as
“the algorithm” for brevity. The overall proof strategy is to show that the algorithm correctly
computes matrix representations of the maps p}, p7, f, f}, and 941, shown in the diagram
(9). This means that p; and p? form a partial resolution of Cy(K) up to the second term, f

and f} form a partial lift of 9, up to the first term, and 4 satisfies pj_ 0 91 = f7 o f7 ;.

Assembling these maps into the block matrices in (16) then yields a PiRep of Hy(K) by
Theorem 22. In Section 5.1, we show that p%, as constructed by PIREP, is a valid presentation
and that f? is a valid lift of 0y to the generators. In Section 5.2, we show that the constructed
p; is a minimal presentation. In Section 5.3, we show that p% and p% together form a partial
resolution up to the second term. Moreover, we show that p% is asymptotically minimal and
even minimal if REDUCE is called in PIREP. In Section 5.4, we show that the maps f} and
V41 satisfy the required commutativity relations.

5.1 Correctness of computing p; and [}

In this section, we prove that p}, as constructed in the algorithm PIREP, for a poset tower
K: P — SCpx, is a presentation of Cy(K). While the algorithm processes all degrees ¢

simultaneously, for the proof we will w.l.o.g. fix a degree £. Also, we abbreviate Cy(K) by Cy.

We note that the algorithm implicitly constructs a set of generators g% and relations ¥ as the
indices of the rows and columns of the matrices p%, respectively. Hence, using the notation
established in Section 2.2, the domain and codomain of the maps of projective modules
pi: Ry — Gy, represented by the matrices, are given by R, = (r¥|r¥ € column indices of p})
and Gy = (g%|g% € row indices of p}). We start by showing that G, generates Cj.

8:29

CGT



8:30

Computing PiReps from Poset Towers

» Proposition 26. For K: P — SCpx, let G, = (g%|g% € row indices of p;) be the codomain
of p} constructed by the algorithm. Then

Gy = @ Proj[z].
gyES,

Proof. The algorithm adds every generator g7 € S, at the grade = € P in the routine
GENERATOR. <

At every grade = € P, the vector space Gy(z) has a basis {g¥ € S¢ly < x} where ¢Y is
the contribution of the summand Projly]. The vector space Cy(z) has a basis generated by
the ¢-simplices K;(x). We denote the basis elements of Cy(z) simply by o.

» Definition 27. Define the morphism ay: Gy — Cy in the following way:

Ky<a)o) i Ky<o)(o) e Kw)

0 otherwise

ar(x)(g5) = {

In the following, we will use the convention K(y < z)(o) = 0, for 0 € Ky(y), if
K(y <z)(o) ¢ Ke(x). Also note that g¥ € Sy implies 0 € Ky(y).

» Proposition 28. The morphism oy is well-defined.
Proof. Let x <y € P and g2 € Sy such that z < x. Then
Co(x < y) o ar(x)(g5) = Colz < y)(K(2 < 2)(0))
— K(r <y) o K(> < 2)(0)
= K(z <y)(0).
On the other hand,
ag(y) o Ge(x < y)(g5) = au(y)(95) = K(z < y)(0).

Hence, the diagram

Coly) £ Gy (y)
Cg(asgy)T TGZ (z<y)
Go(

Co(z) &0 Gy(w)

commutes and ay is well-defined. |

» Proposition 29. The morphism «y is an epimorphism.

Proof. Let 0 € Ky(x). If o ¢ U,_,im(K(y < z)), then g% € S and ay(x)(g3) = 0.
Otherwise, 0 = K(y < z)(7) for some 7 € Ky(y). If 7 is generated at y, there is ¢g¥ in
Sy, otherwise we can iterate this argument until we find p € Ky(2) such that g5 € S, and
K(z < z)(p) = 0. Note that this works because we reach a minimal element a € P after
a finite number of steps and, by definition, every m € Ky(a) is a generator g% € Sy. This

implies
ae(z)(g;) = cu(z) o Ge(z < 2)(9g5)
= Ci(z < x) o (2)(9;)
=Cy(z < 2)(p)
=K(z<z)(p)=0
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Since Cy(x) has a basis K;(x), ay(z) is an epimorphism for all € P and, thus, oy is an
epimorphism. |

Proposition 29 shows that Gy does indeed generate C,. The following propositions
establish that p} is a presentation of Cy, a result we summarize in Theorem 37. To prove
them, we make use of the following lemmas.

» Lemma 30. At every grade x; in the algorithm PIREP, after the call of GENERATOR,

L3i, = K(x;) as sets. In particular, for each o € K(x;), there exists an active generator

(0,97) € La:

act*

Proof. We proceed by induction on the linear extension of the grades in P. The grade xg is
minimal in P as any predecessor would have to come before x( in the linear extension. At a
minimal element zo € P, for every o € K(xz¢) there is a ¢g2° € S. Therefore, the identification
(0,9%°) ~ o yields L3% = K(xq).

act —

Assume that L}?, & K(x;) for all 0 < j < i. For every k-simplex o € |J

act —

im (K (y <

Y=<x;

;)), there exists a y < z; and an [-simplex 7 € K (y), with I > k, such that K(y < z;)(1) = 0.

By dropping superfluous vertices from 7, we can always find a k-simplex 7" < 7 € K(y) such
that K(y < 2;)(7’) = 0. Thus, w.l.o.g. we can assume [ = k and no vertex of 7 gets collapsed
by K(y < x;). By assumption, there exists (,g7) in Lj,. By calling COLLAPSE, the
algorithm adds (K(y < z)(7),g7) = (0,97) to Li%,. For every o € K (x;)\ Uy<a, im (K (y <
;)) there exists g2 € S which is added as (o, g2") to L3, in step 1 of GENERATOR. Thus,
oit. In step 2 of GENERATOR, (o, g¥) is

every o € K(z;) has at least one representative in L7Z,.
Therefore, after this step, there is exactly

deleted if there is another element (o, g7) in Lgi,;.

one representative (o, g3) for every o € K(w;) and Ly, = K(x;). <

» Lemma 31. Suppose that after the call of the routines COLLAPSE and GENERATOR in
PIREP, (1,9¥) € L%, is active at © € P. Then K(y < z)(o) =T.

Proof. Since g¥ € S, we have that (o,gY) is added to LY,
Since active simplices are added from S by GENERATOR or inherited from predecessors by
COLLAPSE, (7,4Y) can only be active at = if y < z and if there is a path y = z9 < --- <
z, = x in P along which g¢¥ is active as (p;, g¥) at z; with pp = o and p; = 7. By the
update procedure of the COLLAPSE routine in PIREP, p; = K(z;-1 < 2;)(p;-1). Therefore,

Ky<z)(o)=K(zp-1 <2zg)o---0K(z0 < 21)(po) = pr = 7. <

Let r¥1 ..., 7¥" be the relations added by the algorithm PIREP for the ¢-simplices. Then
we have R, = @], Proj[y;]. As for the generators Gy, at each grade x € P the vector space
Ry(z) has a basis {r¥|y < z}.

1
» Proposition 32. Let G, & Ry be the matriz for the (-simplices constructed by the PIREP
algorithm. Then oy o p; = 0.

Proof. First, let r¥ € R, be a relation, added by the COLLAPSE routine, such that p} (r¥) = gZ.

The algorithm adds the relation at y € P because there exists a < y € P such that (7, ¢Z) is
active at a but K(a < y)(7) = 0. For y < 2 € P we obtain:

ae(w) o py (2) (1) = au(2)(g5) = K (2 < w)(0).
Since (7, gZ) is active at a, Lemma 31 implies that z < a and

K(z<z)(o) =K(y <)o K(a<y)oK(z<a)o)
=K(y <w)oK(a<y)(r)=0.

by GENERATOR at y € P.
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Thus, ay(x) o pj(z)(r¥) = 0.

Now, let r¥ € R, be a relation, added by the algorithm, such that p} (r¥) = gz + g*.
Since a simplex generator gg is added only when £ is not in the image of any predecessor of
1, no relation r¥ created by GENERATOR at grade y can involve a generator added at grade
y. Indeed, any other active representative of the same simplex £ would have to be inherited
from a predecessor of y, contradicting the defining property of gé’. Hence, the algorithm adds
the relation r¥ in the GENERATOR routine at y € P because there exist a < y and b < y
such that (p, g2) is active at a, (k,g¥) is active at b and 7 = K(a < y)(p) = K(b < y)(k).
For y < x, we get

=K(z<z)(o)+ K(w < z)(7).

By Lemma 31, we further obtain

[
=

K(z<z)(0) = K(y <z)oK(a <y)oK(z<a)(o)
(y <)o K(a<y)(p)

a)(r)

([
==
<
INA

and analogously

K(w < x)(r) = K(y <)o K(b < y) o K(w < b)(r)
=Ky <z)oK(b<y)(k)
= K(y < a)().

Therefore, ay(x) o pj(x)(r¥) = 0.
We have shown that for all z € P and all relations r¥ of R, such that y < x we have
ag(x) o pj(x) = 0. This implies ay o p; = 0 and im(p}) C ker(ay). <

» Lemma 33. Let g% € Sy be such that T := K(z < y)(0) € K¢(y). Then after the call of
COLLAPSE and GENERATOR in the algorithm, there exists (1,9%) € L}, and r € Ry such
that g% + g = py(r).

Proof. Let x = 29 < -+ < 2z, = y be a path from z to y in P. Moreover, let m; = K(z9 <
z;)(o) for 0 <4 < m. In particular, 7o = o, 7, = K(z < y)(0) = 7 and, since 7 € K;(y), we
have 7; € Ky(z;). By Lemma 30, each m; has an active generator (m;, o) at z;. At x = zo,
the generator (o, g5) = (70, g0) is active.

In the routine COLLAPSE at grade z;, we add (K(zi-1 < 2;)(mi-1), g2i!) = (w4, 9%-!) to
L3, If (mi,guit) # (mi, g%i), in the routine GENERATOR, the algorithm adds the relation

T gpit + gt if the edge e7a;, o;, does not close a cycle. If the edge e

Ri-1 (9ri1:9x;

Zi Zi

. closes a
(gnit.gnl)

cycle, then there is a path from ggi-t to gg in G;.,. The edges on this path correspond to
relations 1, ..., r%s € R, with w; < z; such that p} (r* 4 - - +r%) = gui-t+gi. Therefore,
in any case, there exists r; € Ry such that py(r;) = gt + g%, If (m;, g%1) = (m, g%) we
set r; = 0.

We now define (7, g2) == (T, gim) and 7 = ry +-- - + 1y, and obtain pj(r) = py(ri +---+

Tm) = ged + g™ = g5 + g5 <

» Lemma 34. Let g2 € S; and © <y € P such that K(x < y)(o) ¢ K¢(y). Then after the
call of COLLAPSE in the algorithm, there exists r € Ry such that p}(r) = gZ.
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Proof. Let x = zg < - -+ < 2z, = y be a path from z to y in P. Moreover, let m; = K(z9 <
zi)(0) for 0 < i <m. Since K(z < y)(0) = K(2m-1 < 2m) 0 -+ 0 K(z0 < z1)(0) ¢ Ko(y),
there exists a minimal 0 < ¢ < m such that m; ¢ Ky(z;). By Lemma 33, there exists an
active generator (m;-1,g;) at z;-1 representing ;-1 and r’ € Ry such that g7 + g7 = pi(r').
Since K (2i-1 < 2;)(mi-1) ¢ Ki(z;) the algorithm adds the relation r* ~ g7 in the COLLAPSE

routine if the edge efﬁjg;) does not close a cycle in GZi,. If the edge ef&g;) does close a cycle,

then there is a path from (2 to g} in GZi,. This path corresponds to relations r*1, ... r¥a
such that pj (r* + -« 4 r%e) = g;- Hence, in any case, there exists a relation r" € R, such

that pg (") = g7. Therefore, p; (' + 1) = g% + g7 + g = g%. <

1
» Proposition 35. Let G, & Ry be the matriz for the (-simplices constructed by the PIREP
algorithm. Then im(p}) = ker(ay).

Proof. Let x € P and g%}, ..., g4 € Sy such that y; <z and g # gg; foralll<i<j<m

o1
and assume ap(z)(g¥ +---+g¥m) = >0 K(y; < x)(0;) = 0. Suppose 7 € Ky(z) appears
in this sum and K(y; < z)(o;) =7 for 1 <i<gand K(y; <z)(0;) #7for ¢g+1<i<m.
This implies that ¢ is even. Let (7, g;) € L7 , be the active generator at x representing 7. By
Lemma 33, there are relations 7; € Ry such that py(x)(r;) = g + g% for 1 <i < q. Therefore,
pr(@)(r1i+-+ry) =q- g, + g8+ + gol = g¥ + -+ + g5t For every other simplex
7' € Ky(x) appearing in this sum we can argue analogously. Now assume K (y; < x)(o;) = 0,
ie. K(y; < z)(0;) ¢ Ki(z). By Lemma 34, there exists r; € Ry such that pj(z)(r}) = g¥%.
We conclude that g¥' + - 4 g¥m € im(pj(x)). Therefore, ker(ay(z)) C im(pj(x)) for all
x € P which together with Proposition 32 implies that ker(ay) = im(p}). <

Finally, we show that the matrices f? represent the boundary maps dy on the generators.

» Proposition 36. The morphism f{: Gy — Gy-1, constructed by the PIREP algorithm, lifts
the morphism O0p: Cp — Cy_1, i.e. the following square commutes:

Cg<a—ng

0{ J{fg . (19)

Qp_q
Co1 —— G

act by
GENERATOR at y € P, the BOUNDARY routine of the algorithm finds active generators
(m1,9%%), ..., (mk, g¥F), which exist by Lemma 30, such that y; <y and 9p = Zle m; and
defines f}(g¥) = S g¥%. By Lemma 31, K(y; < y)(k;) = m; for all 1 < i < k. First,
assume K(y < x)(p) = 0 € K¢(x). Then

Proof. Let € P and ¢¥ € S, such that y < x. When (p,g¥) is added to L}

() 0 a(x)(gy) = Oe() (K (y < 2)(p)) = Oe(2)(0)
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and
k k k
ap1(z) o f(2)(gY) = ara(2)(D_g¥) = Z@e—l(ﬂf)(gfil) = K(y; < x)(ki)
k k
=Y K(y<az) oKy <y)(x) =Y Ky <z)(m)
121 =1 .
= Coaly<a)(m)=Cra(y < x)(z ;)

where we use that

Cy(y<m)

Ce(y) Ce(2)
auy)l lam)
Coq(y<z
Co-1(y) Crilv=) Co-1(z)

commutes. Now assume K(y < z)(p) & K¢(z). Then 9y(z) o c(z)(gy) = 0 and

ag-1(z) o f(2)(g4) = du(x) (K (y < x)(p)) = De(x) (0) = 0.
Therefore, (19) commutes and f{ is a lift of d; to the generators Gy and Gy-1. <

» Theorem 37. The matrices p; and fj constructed by the algorithm PIREP:

L

0 02 22 G2 R2
O 0
2l X lfz .
0 Cl ! Gl : Rl
Z it
L
0 CO 2 GO - RO

form degreewise presentations of Ce(K) and lifts of Oe to the generators.

Proof. By Proposition 28 and 29, ay is a well-defined epimorphism. By Proposition 35,
ker(ay) = im(p}). Hence, p} is a presentation of Cy. By Proposition 36, f} is a lift of 9, to
the generators. |

5.2 Minimality of the presentation p,

In this section, we show that the matrix p}, as constructed by the algorithm PIREP, is a
minimal presentation of Cy. We use the notion of projective cover in Definition 15 together
with Proposition 16.

» Proposition 38. The morphism ayp: Gy — Cy is a projective cover.
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Proof. Let Rad(G/) denote the radical of G as defined in Definition 14. Suppose ay(z) (g4 +
o+ gym) = 0 for g¥ € Sy such that y; < x and g% # ggj for i # j. If y; = x, then
0j € Ky(x) and 0; ¢ ,_, im(K(z < z)). For all i # j, if y; = x, then o; # 0. For all
y; <z, K(y; < x)(0;) # o; since any path from y; to « contains some predecessor z < x
which would imply K (z < z) o K(y; < z)(0;) = 0, contradicting o; ¢ J,_, im(K(z < z)).
Therefore,

z<xT

m

a(@) (gl + -+ gdn) =Y Ky <)o) =0+ > K(yi < 2)(07).
i=1 i#£j

But this sum cannot be zero since K(y; < x)(0;) # o; for all y; < x and o; # o, for
all y; = x with ¢ # j. This contradiction implies y; < x for all 1 < ¢ < m. Therefore,

Yi € im(Gy(z < 2)) for some z < z and g% + --- + g¥ € Rad(Gy)(z). We conclude that
ker(ay) € Rad(Gy), which implies that «y is a projective cover of Cy. <

Next, we show that the presentation matrix p}, constructed by the PIREP algorithm,
almost has the structure of a P-filtered graph. We will use this structure to show that p; is
a minimal presentation.

» Definition 39. Suppose p} is the presentation matriz generated by the algorithm. Recall
that P == P U {—o0} with —0o < x for all x € P. Define the morphism of P-persistence
modules py: Ry — Gy, where Gy = Gy @ (Q) with an additional generator Q of grade —oc.
The matriz p; is obtained from p% by adding one row labeled by 2 and replacing each column
of the form ¥+ g& by the column ¥ — g% + Q. Since every column of b} has exactly two
non-zero entries, it is the boundary matriz of a P-filtered graph G: P — ACpx.,. The
graph G is defined by the vertices 2 born at —oo and g% € Gy born at x € P and by the edges
rY € Ry born aty € P. All morphisms G(x < y) are inclusions.

» Remark 40. The edges of the graph G(z) are exactly the edges added by the algorithm
to the graphs GY., with y < x. The relations r¥ — g% + gZ correspond to the edges e%gg,7gi)
added in step 2(a) of GENERATOR. The relations r¥ — g% that become r¥ — g% + Q in
p; correspond to the edges 62(!%079) added in step 3(b) of COLLAPSE. Therefore, GZ,, is a

subgraph of G(z) for every x € P.

» Lemma 41. At any grade x; in the algorithm, after execution of GENERATOR, F,.y S a
spanning forest of G(x;).

Proof. By definition, it is clear that F. i, is always a subgraph of G(x;). We proceed by
induction on the linear extension of the grades in P. At a minimal grade = € P, the statement
is obviously true as there are no edges in FZ,, or G(z). Assume that the statement is true
for all 0 < j < i. At the grade x;, we have that G(z;) is the union of all G(y) with y < x;
< G(y). By inductive

; is a spanning forest of G(y). Hence, after initialization, G50y = U, ~,, Fact
z;
act

plus the generators ¢g%¢ and relations 7% born at x;. Define G’ :=
assumption FY,
contains a spanning forest of G’. In COLLAPSE, the algorithm adds the edge effi,g;) to
exactly when it adds the relation 7% — g7. Similarly, in GENERATOR, the algorithm adds

the edge egy o) exactly when it adds the relation 7% — g¥ + g7. A relation is only added to
Ty p

Gri, if it does not close a cycle. This implies that, at the grade x; where the edge is added, it

is in the spanning forest F, ;. Hence, every edge added at x; is added to G’ and also to F,.

Before adding edges at x;, a spanning forest F, ., of G.i, is also a spanning forest of G'. Since
all edges at z; are added to both G' and Fi,, this property is preserved. The remaining

Zq

vertices g% of G(x;) are added to G, by GENERATOR. Since the existence of g% € S implies
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that o ¢ U, -, im(K(y < x;)), g% is an isolated vertex in Gz, and G(x;) and hence also
in F;,. Therefore, the spanning forest F,;, of G, constructed in GENERATOR, is also a

act*

spanning forest of G(x;). |

» Remark 42. Since pj(z) is the boundary matrix of G(x), coker(p;(xz)) is the space of
connected components and ker (f)}(x)) is the space of cycles in G(z).

12

» Lemma 43. For all x € P, we have ker(p;(z)) = ker(pj(z)) and coker(pj(z))
coker (pj () ® [Q] where [Q] denotes the connected component of €.

Proof. The matrix p}(x) is the restriction of p} to all generators g% and relations 7* such
that y,2 < x. Suppose p}(x)(r¥ + -+ +19) = (g% + g%) + - + (g5} + gr2) + 9 +
st gzz = 0. Because all generators g are basis elements of Gy(z) and a sum of basis
elements over Fy can only be zero if every basis element appears an even number of times
in the sum, the number ¢ of single-generator relations has to be even. Also, this implies
Pe(x)(r¥ + - 4 rVE) = (g2 + gb) + -+ (95" +g£§) +95 4+ gpt + ¢ = 0. Conversely,
i () (1 4+ ) = (g 4+ gl 4+ (g0 + gm) + (g5 + Q)+ + (g5 + Q) =
(g2t +gb )+ -+ (go" + g?ﬁ) + 95 4+ got + ¢ = 0. We get that g is even and therefore
also p}(2)(r¥ + - +19%) = (g8 + g2) + -+ + (g% + g22) + g5+ + ght = 0. Hence,
ker (p} (z)) = ker(p;(z)) for all 2 € P.

Since Gy(z) = Gy(x) ® Q we can define a projection map m: Gy(z) — Gy(z) that forgets
Q. We obtain

coker (p; (x)) P Gy(x) 22 Ry(x)

k| -

coker (p} (2)) «2— Go(x) £22L Ry (x)

Since f)} (z) is the boundary matrix of a graph, the cokernel has a basis consisting of the
connected components of this graph. If [Q2] denotes the equivalence class of 2 in coker (ﬁ% (x)),
then (coker 7)([2]) = [7(©2)] = 0. Since Yo = (coker 7)o ¢ is an epimorphism, also coker 7 is
an epimorphism and coker (p; (z)) = im(coker 7) @ ker(coker ) = coker (p} (z)) @ ker(coker 7).
Since dimker(pj(z)) = dimker(pj(z)), we also get dimim(p}(z)) = dimim(p;(z)) and,
moreover, dim coker (pj(z)) = dim Gy(z) —dimim(p} (z)) = dim G¢(z) — 1 —dimim(p;(z)) =
dim coker (pj(z)) — 1. Therefore, ker(coker 7) is one-dimensional, generated by [Q], and
coker (P (z)) = coker(p; (z)) @ [Q]. <

» Proposition 44. The morphism p}: Ry — ker(ay) is a projective cover.

Proof. By construction R, is projective. By Proposition 35, ker(ay) = im(p;). Thus,
p;: Re — ker(ay) is an epimorphism.

Let x € P and r¥1,...,r% € Ry such that y; < z and p}(z)(r¥* +--- +r¥) =0. W.Lo.g.
assume that the sum r¥! +- - - +7¥ is reduced, i.e., even numbers of copies of the same relation
(same formal basis element of Ry) are canceled. Note that different formal basis elements r¥
of R, can have the same grade y. By Lemma 43, we obtain that pj(z)(r¥* + - +7%) =0
and, thus, e¥!,... eV is a cycle in the graph G(z). For any edge e¥ such that y; = = the
corresponding relation r* is added at the grade = during the algorithm. Since this only
happens when the edge e* is added to GZ.,, any edge e” on the cycle is in GZ ;. If y; < x then
there exists a z < = such that e¥' € G(z). By Lemma 41, F7Z,, is a spanning forest of G(z).
If e¥' ¢ F7,;, then there exists a path 7,...,7/ in F7, connecting the endpoints of e¥. So,
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by construction of G7., in COLLAPSE, in any case, there exists a path in G, connecting the
endpoints of the edge e¥i. Hence, we can replace any edge on the cycle e¥*, ... eY* that is
not in G%,, by a path in GZ,. This yields another cycle that lies completely in GZ.,. If there
are edges e” on the initial cycle, they will not be replaced and are also on the cycle in G7,,.
But this implies that there is an edge e, added at the grade x, closing the cycle. This is a
contradiction, since the algorithm does not add edges that close cycles in GZ,. Therefore,
y; < x for all 1 <7 < k. Recalling Definition 14, we get that r¥* + --- 4+ r¥ € Rad(Ry)(z)
and, moreover, ker(p}(z)) C Rad(R,)(z). This implies that ker(p;) € Rad(R;) and, thus,

p; is a projective cover of ker(ay). <

» Theorem 45. The matriz p}, computed by the algorithm PIREP, is a minimal presentation
Of Cg.

Proof. By Theorem 37, p% is a presentation. By Proposition 38 and 44, ay: Gy — Cy is a
projective cover of Cy and p}: Ry — ker(ay) is a projective cover of ker(ay). Therefore, by
Proposition 16, p% is a minimal presentation. |

5.3 Correctness of computing p? and minimality

In this section, we show that the matrix p?, as constructed by the PIREP algorithm, yields
an asymptotically minimal partial projective resolution of Cy up to the second term. With
the additional call of REDUCE, we will show that it is a minimal partial projective resolution
of Cy up to the second term.

» Proposition 46. im(p?) C ker(p}).

Proof. Suppose rr” is a relation of relations in RR, such that p?(rr*) = r? + ... +r?. The
relation of relations is added by the algorithm if and only if the corresponding edges e*°, ... e*
form a cycle in the graph GZ,, at the grade . Since GZ,, is a subgraph of G(z), the edges
e*, ..., e* also form a cycle in G(x). By Definition 39, we get that p; (y)(r® +---+r%) =0
and, by Lemma 43, also p}(y)(r® + -4 r?) =0 for all y > z. Hence, p} o p?(rr®) = 0 and
im(p7) C ker(pp). «

» Proposition 47. ker(p}) C im(p3?).

Proof. We proceed by induction on the grades in the linear extension of P. Assume that
ker(p}(z)) € im(p7(z)) for all z < x. This is obviously true for the minimal elements in P. Let
r¥i, . .9 € Rysothat y; < foralll <i < nandp}(x)(r¥+---+r¥) = 0. By Lemma 43,

evt ..., e¥n form a cycle in G(z). By the proof of Proposition 44, ker (p}(x)) C Rad(Ry¢)(x).

x

Thus, for each 1 < i < n, we have y; < x and e¥' € G(y) for some y < x. Suppose e¥i ¢ G
Then e¥ ¢ FJ,,. Since, by Lemma 41, F,, is a spanning forest of G(y), there exists a path

c
P Z}i,v 3 Y
e, ...,e llnfac

forms a cycle in G(y). By Lemma 43, p} (y)(r¥: + PR ) = 0. Thus, by induction,
there exists rr; € RRy(y) such that p? (y)(rr;) = r¥ + rz_i + -4 r®i. We now replace the

¢ that connects the endpoints of e?'. Hence, this path together with e¥:

edge e¥ in the cycle e¥', ... e¥" by the path e*1,. .., e which lies in Ggr... If we replace

act*
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each edge e¥ ¢ GZ ., by such a path, we obtain a cycle e**, ..., e* in G¥,, since

act

p%(l‘)(rzl+...+r21,) Zp}(ﬁﬂ)( Z rYi 4 Z Tzi+---+TZ’ii)

rviegy., rYigGe .,

P (Y )+ Y p@) (T R

r¥ieg? , rYi¢ge .,
pr@)( Y ) i@ Y )
r¥iegs . rYigGT .

pp(2)(r¥ 4 -+ r¥n) = 0.

The algorithm RELREL computes a cycle basis for G, and adds the computed cycles to p%.
Hence, there exists rr € RRy(x) such that p?(z)(rr) = r** 4+ --- + r*. Combining this cycle
with the cycles for the replaced edges yields

pe(@)(rr+ Y0 rr) =pi@)r) + Y pila)(rr)

rYi eg;zcct rvi gg;ct
A Ry Z P G
TYigGT
- Z i+ Z [ REP
TYiEGT . TYiEGE .,
+ Z i+ Z PR T
rYi gg:‘zcct r¥i gg:‘zcct
:Tyl _|__|_Tyn
Therefore, 791 + - - - + ¥ € im(p?(z)) and, moreover, ker(p}) C im(p7). <

» Proposition 48. There exists a family of poset towers K™ : P™ — SCpx, m > 2, with
n = O(m) simplex generators and t; = ©(m?) edges in the Hasse diagram of P™, such that
the second term RRy in a minimal projective resolution of Co(K™) has ©(nty) elementary
projective summands. In particular, the bound O(nty) on the number of columns of p;
computed by PIREP without REDUCE is asymptotically optimal.

Proof. Let A={a1,...,an}, B={b1,....bn}, C={c1,...,¢cnn} and let P"* = AUBUC
be the poset with relations a; < b; < ¢; for all 1 < ¢,5,k < m. Thus P™ has ty = 3m
grades and t; = 2m? edges in its Hasse diagram. We define a poset tower K™: P™ — SCpx
consisting of a single vertex v at every grade and identity maps on this vertex along every edge.
Equivalently, K™ (z) = {v} for all z € P™, and K™ (z < y)(v) = v whenever z < y. Then v
has exactly one simplex generator g¢¢ at each grade a; € A and no simplex generators at the
grades in BUC. Hence Sy = {g2,...,g%}, C = () and the input size is n = |S| + |C| = m.

At a grade b;, the vector space Go(b;) has basis ¢g2*,. .., g¢m™ whereas Co(K,,)(b;) is
one-dimensional. The map ag(b;): Go(b;) = Co(K,n)(b;) sends every basis element g3+ to v.
Therefore, ker(a(b;)) has dimension m — 1. Since ker(ag(a;)) = 0 for all 1 < i < m, there
must be m — 1 relations born at b;. Since we proved in Theorem 45 that PIREP computes a
minimal presentation this can also be seen by applying the algorithm, which has to identify
the n copies (v, g2¢) at each grade b;. The algorithm adds edges until we obtain a spanning
tree T} on the vertices gg', ..., gg™, which requires exactly n — 1 edges.

Now consider a grade cg. The relation graph at ¢ contains the union of the m spanning
trees 71 U - -- U T, on the same set of m vertices. The edges are indexed by the relations
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born at the different grades b;, so they are distinct columns of p, even if some of them have
the same endpoints. The graph Ty U ---U T, is connected and has m vertices and m(m — 1)
edges. Therefore, its cycle space has dimension m(m —1) —m+1 = (m —1)2. By Lemma 43,
this cycle space is equal to ker(p§(cx)). Hence dimker(p§(cx)) = (m — 1)%

Moreover, for every x < c; we have ker(p(l)(ac)) = 0: this is clear at the grades a;, where
no relations are present, and at the grades b;, where the relation graph is a tree. It follows
that any projective cover of ker(p}) must contain at least (m — 1)? elementary projective
summands born at c¢g. Since the grades ci, ..., ¢, are pairwise incomparable, summands
born at one of them cannot contribute to any other one. Thus, the second term RRj in a
minimal projective resolution has m(m — 1)? elementary projective summands.

Finally, since n = m and t; = 2m?, we obtain m(m —1)? = ©(m3) = ©(nt,). This proves
that the O(nt1) bound on the number of columns of p? is asymptotically optimal. <

» Remark 49. In the following Proposition 50, we show that, with the additional call of the
routine REDUCE, the algorithm computes a minimal resolution up to the second term. In
other words, the algorithm computes a projective cover p? of ker(p;). This step can also be
interpreted geometrically in terms of the P-filtered graph G represented by p;. The kernel
of p; is the cycle space of G and equal to the kernel of p; by Lemma 43. Thus, the task of
computing a projective cover of ker(p}): P — Vec is equivalent to computing a minimal
set of generators of H1(G): P — Vec. Each column of p%, added by the algorithm, can be
viewed as a 2-cell filling a cycle in G. The set of 2-cells generated in this way is minimal if a
2-cell added at grade x never closes a void, i.e., never creates a class in Hy. This is exactly a
reformulation of the projective cover condition. The kernel of p% corresponds to Ho classes
or voids, and if we close a void at grade x by adding a 2-cell, then this 2-cell is a linear
combination of already existing 2-cells and thus redundant. Reducing the matrix AS? in the
REDUCE routine and checking if columns added at grade x can be reduced to zero is exactly
checking if the 2-cell closes a void. Because this is essentially a two-dimensional problem,
it cannot be solved as efficiently as the other tasks. It is thus remarkable that we can still
compute an asymptotically optimal p% without checking this condition.

» Proposition 50. If REDUCE is called, p? is a projective cover of ker(p}).

Proof. Let x € Pand rr¥*,...,rr¥m € RR, such that y; < z and p3 (x)(rr¥* +- - -+rr¥m) = 0.

At the grade x in the algorithm, at the start of REDUCE, all rr¥ are already in RRy;. The
matrix AS® representing p? () consists of all columns 7% of p?, such that z < z, in an order
respecting the linear extension of P. Thus, the columns rr* such that z = x come last in
AS®_ At the end of REDUCE, the matrix AS® is column reduced from left to right (with
respect to the order of the columns in the matrix).

We now prove by contradiction that y; < x for all ¢. Suppose rr¥¢ is the rightmost column

among rr¥!, ..., rr¥m in AS® such that y; = 2. The assumption p?(z)(rr¥* + - +rr¥m) =0
implies that the column rr¥ is a linear combination of the columns {rr¥:, ... rr¥m}\ rr¥i,
But, since all columns {rr¥,... rr¥=}\ rr¥% come before rr¥ in AS®  the column 7% must

have been reduced to zero in REDUCE. Therefore, at the end of REDUCE it is deleted from
p? contradicting rr¥i € RRy.

We conclude that y; < x for all 1 < i < m and rr¥* 4 --- + rr¥m € Rad(RR/)(x).

Therefore, ker(p7) C Rad(RRy) and p? is a projective cover of ker(p}). <

» Theorem 51. Let p} and p% be the matrices computed by the algorithm PIREP. Then the
sequence

0 +—— Cg(K) 2 Gy be Ry
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is an asymptotically minimal projective resolution of Co(K) up to the second term. If REDUCE
is called in RELREL, then it is a minimal projective resolution of Cy¢(K) up to the second
term.

Proof. By construction Gy, Ry and RRy are projective. By Proposition 29, 35, 46 and 47 the
sequence is exact. Hence, it is a projective resolution up to the second term. By Theorem 45,
p} is a minimal presentation of Cy(K') and, by Proposition 48, p% is asymptotically minimal.
If REDUCE is called in RELREL, then, by Proposition 50, p% is a projective cover of ker(p%).
Therefore, by Proposition 16, together with p% it forms a minimal projective resolution up to
the second term. <

5.4 Correctness of computing f; and 9,4,

After proving the correctness of the computation of p}, p?, and f; by the PIREP algorithm,
the only missing ingredients for a PiRep of Hy(K) are the matrices for f} and 9,41 in the
block matrices in (16). The morphisms f} and ¥y41 need to satisfy p} , o f} = fQ op} and
piq 0Ves1 = fQo f, 1, respectively. The routine LIFT efficiently solves for the unknown maps
f# and 941 in these equations by exploiting the special structure of pj ;. It solves a set of
linear systems of equations with coefficient matrices induced by the edges of certain spanning
trees. In this section, we prove that we can reduce the problem of solving these equations
of morphisms of projective modules to such linear systems, which will then establish the
correctness of the routine LIFT.

Both the construction of f} and ¥y41 can be described as finding a solution of a P-graded
linear system A o X = B, as defined in Definition 9. For the unknown X = f}, we set
A =pj_; and B = f} opj. For the unknown X =41, we set A =p; , and B= flo f} .
As discussed in Section 3, Proposition 12(2) and (3) imply that these systems have solutions.
By Proposition 10, we can solve a P-graded linear system by solving m standard linear
systems ASYi X f% = B; for submatrices ASY% of A. In general, solving the m linear systems
in Proposition 10 would cost cubic time per system, but, in our case, we can exploit the
special structure of the coefficient matrix A = p} ; to solve them in linear time. By Theorem
24, we obtain p; ; from a matrix Py, by removing a distinguished row  where p; , is the
boundary matrix of a P-filtered graph G: P — ACpx.,. This means that our coefficient
matrix A has either one or two non-zero entries per column and its columns are labeled
by the edges in the P-filtered graph. First, we show that we can directly work with the
coefficient matrix induced by p;_;.

» Proposition 52. Let A = (T S) be a block matriz, where T is a block of columns with

- T S
two non-zero entries and S is a block of columns with one non-zero entry. Let A == (0 1)

be a block matriz, where 0= (0 --- 0) and T= (1 --- 1). Moreover, let B := <1BB>

Then AX = B if and only if AX = B.

Proof. Since A and B are obtained by removing the last row of A and B, respectively,
it is clear that a solution X of AX = B is also a solution of AX = B. Conversely, let

X X

X = ) be a solution of AX = (T S) ) = TXr + SXg = B. Because T has
Xg Xg

exactly two non-zero entries per column and S has exactly one non-zero entry per column,

we obtain 1B = 1T X1 + 1SXs = 0X1 + 1Xs = 1X. Therefore, AX = (g f) (f(T) =
S
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TX7;+SX5 _ 7B _B <
1Xg 1B

By Definition 39, if A = p} ;, we obtain A = p,_, for the matrix in Proposition 52. So we

can consider the system AX = B, where A = 70}-1 and B is constructed from B = f o p}

— <y
or B=f{o f19+1 as in Proposition 52. For A = p;_;, the submatrices A=Y of Proposition

10 are exactly the boundary matrices of G(y;). The following proposition shows that it is

= Y5

<y ) — —<
enough to solve the system A Y x jgyj = B; for a submatrix of A= and a subvector of

X jgyj corresponding to the edges of a spanning forest.

» Proposition 53. Let Ax = b be a system of linear equations such that A is the boundary
matriz of a graph G (without self-loops) and b € im(A). Let F = |JI_, F" be a spanning
forest of G with connected components F', ..., F™. Moreover, let A® be the submatriz of A
corresponding to the edges and vertices in F*, z' the subvector of variables x corresponding to
the edges in F*, z" the subvector of x corresponding to edges in G\ F, and b* the subvector
of b corresponding to the vertices in F'. Then b' € im(A?) and A'z® = b' and 2" = 0 implies
Az =b.

Proof. Let G!,...,G™ be the connected components of the graph G. Let A’ be the sub-
matrix of A corresponding to the vertices and edges in G*, 2% the subvector of variables z
corresponding to the edges in G, and b’ the subvector of b corresponding to the vertices in
G". After reordering the columns and rows of A, x and b we can write the system as

At o0 /et Alg! b
Av=| = N Il IR B I
0 - Ar) \am Angn "

where the coefficient matrix is in block-diagonal form because the connected components
G',...,G™ of G partition the vertices and edges into a disjoint union. Therefore, Az = b has
a solution if and only if A’ = b’ has a solution for all 1 < i < n. In other words, b € im(A)
if and only if b’ € im(A?).

Since F is a spanning forest of G, each connected component F? of F' must be a spanning
tree of some connected component of G. W.lo.g. assume F? is a spanning tree of the
component G. Hence, A’ is the submatrix of A corresponding to the edges in F. If C* is
the submatrix of A’ corresponding to the edges in G? \ F%, then we can write At = (Ai C’i).
Every edge in G*\ F" closes a cycle in G* with the unique path connecting its endpoints in the
spanning tree F*. Thus, every column of C? is a linear combination of columns in A?, given
by the columns corresponding to the edges on this path. This implies that im(A?) = im(/ii)
and, since G and F' have the same vertices, b’ = b € im(A?) = im(A?).

After reordering the columns and rows of A, z and b again, we can write the system as

1
AL ... 0 ' ... 0 v bt
E I S B el I
0 A0 cr) \* b
x
where C',...,C™ are the submatrices and z" is the subvector corresponding to all edges in
G\ F. Since the columns of A',... , A™ correspond to edges in the connected components
of the spanning forest F', the block of A containing them is block-diagonal. Therefore,
Alzl =bl, ... A"g™ = b" and 2" = 0 implies Az = b. <
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By Proposition 53, we can reduce the problem of solving ASVix jgyj = Ej to the problem
of solving equations F*z = b* where the F* correspond to the connected components of a
spanning forest of G(y;). In Appendix C, we discuss the routine TREESOLVE, which can
solve such a linear system F*z = b* in linear time. The routine LIFT computes solutions
of pj_y o fi = f{ opj and pj_; o ¥pq1 = [P o fi; by solving the systems F*z = b* using
the spanning forests F.2, of G(y;) maintained by the PIREP algorithm and the routine
TREESOLVE.

» Theorem 54. The routine LIFT computes morphisms f} and 9¢11 such that p; | o f} =
fPopy and pyy 0Vep1 = 7o fy,

Proof. By Lemma 41, for each « € P, after the call of GENERATOR, F7,, is a spanning forest
of G(z) and all updates of p! and f° at grade x have already been computed. By Proposition
52, we can replace the coefficient matrix p;_, in p;_, o f} = f{ opj and pj_ 091 = f o [,
by pj_, if we also add an additional row To f{ opj and To f o f0, |, corresponding to the
row ) in P, ,, to the right-hand sides.

A matrix representation of the morphism f}: R, — Ry-; has columns indexed by the

relations r¥ spanning R, and rows indexed by the relations spanning Ry_;. Let r¥%1,... rYs

0,1
be the relations spanning R,. Then we can rewrite the equation ﬁ}fl ) fel = (1 Je fg Pe 1> as
©Je°obe

o i) = (20PN p i1 < j < s. By Proposition 10 drop all
Dip o fol,r¥i) = To f90pils, o] or all 1 < j < s. By Proposition 10, we can drop a
columns of pj_; and rows of f}[:,r¥/] which are indexed by 7* € Ry_1 such that z £ y;. The
remaining columns of p;_; correspond exactly to the edges in G(y;). The equation becomes
an ordinary system of linear equations where the coefficient matrix is the boundary matrix
of G(y;), the variables correspond to the edges in G(y;) and the right-hand side corresponds
to the vertices of G(y;). At the grade = y; in the algorithm, where we add 7%, all r* in
Ry1 with z < y; are already present. Therefore, all ingredients of the linear system at y;
are available. By Proposition 53, we can solve such a system by restricting the coefficient
matrix to the submatrix induced by a spanning forest and instead solve the system for each
connected component of the forest.

In step 1(a), we compute the right-hand side with the additional row corresponding to (.
Note that all non-zero entries in the vector f{ o pj[:,7%/] correspond to gZ with z < y;, i.e.,
to vertices in F27,. In step 1(b), we call the routine TREESOLVE (see Appendix C) for each

act*®
connected component C of the spanning forest F.2,. By Theorem 57, this yields a solution

of By o f}[:1%1] = (f? o py[: 7] ) and, thus, also of p} ;o f[;,r%] = f0 o pj[:, 1]
DPeroJels To f9opif:,r¥] ) ) Dgy O T 15T ¢ Ol
After processing all grades of P, we obtain a solution of p; ; o f} = f? o p}. The proof for
piy 0 Vi1 = f{ o fy, is analogous. <

6| Conclusion

We have developed an algorithm that converts the simplicial data of a poset tower into a
projective implicit representation of its persistent homology. The main difficulty is that the
chain modules of a poset tower are not necessarily projective, so the boundary maps cannot,
in general, be read directly as graded matrices. Our construction overcomes this by first
computing partial projective resolutions of the chain modules, then lifting the boundary
maps to these resolutions, and finally assembling the resulting data into a PiRep using an
additional correction term. In particular, the construction provides efficient algorithms for
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computing minimal presentations of the chain modules Cy(K') arising from poset towers, as
well as asymptotically minimal projective resolutions of these modules up to the second term.

The central observation behind the algorithm is that the relations in the chain modules are
not arbitrary. They arise from identifications of simplex generators and can be organized in
relation graphs. This graph structure is used repeatedly: to compute minimal presentations
by avoiding redundant cycle-closing relations, to compute relations among relations from
cycles, and to solve the linear systems needed for the lifted boundary maps and the correction
term. Thus, rather than applying general-purpose algebraic reduction to the chain modules,
the algorithm exploits the combinatorial structure inherited from the poset tower, leading to
a significant improvement in efficiency.

Several directions remain open. Although the algorithm is general for finite posets,
indexing posets arising in applications might have additional structure. We expect that the
general algorithm developed here can serve as a starting point for more specialized algorithms
and for practical implementations of persistent homology over more general indexing posets.

Moreover, one may ask whether the local construction carried out here for a fixed
homological degree can be extended to a more global replacement of the persistent chain
complex Co(K) by a chain complex of projective modules. Such a construction is unlikely to
admit an efficient general-purpose solution for arbitrary finite posets. Nevertheless, for special
classes of indexing posets, it would be interesting to investigate whether the combinatorial
structure of poset towers can be exploited to construct projective resolutions, or partial
projective resolutions, of the persistent chain complex in a systematic way.
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A Missing proofs from Section 2

Proof of Proposition 7. For the first claim, let Proj[z] 2, Proj[y] be a morphism of P-
persistence modules.

Proj[z](x) L Proj[y| (=)

Proj[z](z<z) Proj[y](z<z) (20)

Proj[z](2) ~2Z Projly](2)

By Definition 6, if ¢(x) in (20) is non-zero, then Projly|(z) = Fy and, thus, y < 2. Moreover,
by commutativity, we get that ¢(z) is non-zero for all z > x. Conversely, if ¢(z) is zero,
then, again by commutativity, ¢(z) has to be zero for all z > z. Hence, the morphism ¢ is
completely determined by ¢(z) and ¢(x) can only be non-zero if y < z.

The second claim is a direct consequence of the first claim and the fact that in abelian
categories Hom commutes with finite direct sums in both arguments ([26]). <

Proof of Proposition 10. Writing
AX = A(Xy,..., Xm) = (AXy,...,AX,,) = (B1,...,Bm) = B,

the problem reduces to solving m constrained linear systems of equations of the form

AX; = Bj and Xj; = 0 if z;, £ y;. For each 1 < j < m, after reordering, we can write
<yj

A= (AS?/J' Ai{yj) and X; = (X%yj> . Then the system becomes
J

<y;

X | | |
AX; = (Asw Atw) (X s ) — ASH XY 4 AR XY — B and XFY =0

Therefore, we can equivalently solve the unconstrained system ASYi X; SUi = B; for all
I<j<m. <

Proof of Proposition 16. Let Q, — M be a projective resolution such that ¢;: Q; —
ker(g;-1) is a projective cover for all ¢ > 0. By Corollary 5.10 in [2], for a P-persistence
module, which corresponds to a module over the finite-dimensional incidence algebra of P,
such a projective resolution always exists and is unique up to isomorphism. Moreover, by
Proposition 2.1 in [29], it is a direct summand of every projective resolution of M. Thus,
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if Ug — M is any projective resolution, then U, = Qo & W, for some complex W,. In
particular, for each i > 0, we have U; = Q; @ W;. Since projective modules decompose
into finite direct sums of indecomposable projectives, it follows that the multiplicity of each
indecomposable projective in @Q; is bounded above by its multiplicity in U;. Hence, Q;
has minimal indecomposable-projective multiplicities among all projective resolutions of M.
Conversely, if U, has minimal indecomposable-projective multiplicities in each degree, then
from U; 2 Q; & W; we get W; = 0 for all ¢ > 0. Therefore, Uy = Q,.

Any projective presentation can be extended to a projective resolution and, by Corollary
5.10 in [2], a projective presentation satisfying the projective cover condition can be extended
to a projective resolution satisfying the projective cover condition. Therefore, the result for
presentations directly follows from the above argument. <

B Missing proofs from Section 3

The following proofs are based on diagram chasing. Note that this is legitimate as persistence
modules can be viewed as actual modules over the incidence algebra of the poset.

Proof of Proposition 20. Suppose x € ker(d;). Since oy is an epimorphism, there exists
y € Gy such that ay(y) = z. By commutativity, we get ap1 o fP(y) = ¢ 0 ap(y) = 0 and
by exactness of the rows f{(y) € ker(ay-1) = im(p}_;). Hence, there is a z € Ry-1 such that
f2(y) = p}_,(2). Phrased differently, (y, z) € ker (f) p}_;) and (o 0) (y,2) = u(y) = =.
Hence, (ay 0) is an epimorphism.
pp 0 . (pt O

We have (c 0)0( ‘o ) = (agop; 0)=0. Soun( AT ) C ker (ap 0).
fe p A

Let (z,y) € ker (f? pj_;) such that (ay 0) (z,y) = as(z) = 0. Then z € ker(ay) =
im(p}) and there exists a € R, such that p}(a) = z. Moreover, we have

(2 piy) (2,y) = f2(@) +piy(y) = f7 opg(a) + i (y)
=piq o fila)+pi(y) =piq(fi(a)+y) =0

Hence, f}(a) +y € ker(p} ;) = im(p? ;) and there exists b € RRy1 such that y = f}(a) +

1
p? ,(b). We conclude that (pﬁ S (a,b) = (z,y) and im (p‘; g ) =ker (ag 0).
by fe pia

Proof of Proposition 21. In Proposition 20, we proved that (ay 0): ker (ff p;.,) —
ker(9y) is an epimorphism. Hence, 7 o (ag O) is an epimorphism. Since

7TO(a O)O<fl9+1 pl} 0)—71'0((1 Ofo 0 O)
‘ Ver1 [l Pl £l

= (ﬁO@g+1OO&g+1 0 0):0

we have im <f‘9+1 p% S ) Cker(mo (ag 0)).
19€+1 f(e Pe-1

Suppose (z,y) € ker (f? p}_l) such that 7o (ag 0) (z,y) = w(ag(a:)) = 0. Then there
exists z € Cypaq such that 9py1(2) = ap(x). Moreover, since ay4 is an epimorphism, there
exists a € Gyqq such that apqq(a) = z. Using commutativity, we obtain ag o ff,(a) =



T. Dey, F. Russold

de41 0 q1(a) = ag(x). This implies oy (f7,(a) +2) =0, so f, | (a) + = € ker oy = im(p})
and there exists b € Ry such that « = f,  (a) + p;(b). Since

(£ phy) (@,y) = f2(2) + pia(v)
= [2(f21(a) + i (b)) + pia (v)
= fi o firi(a) + £7 o pr(b) + pp(y)
=piy 0es1(a) + iy o [ (b) +ppy(y)
= i1 (Pesa(a) + f7(b) +y) =0

we obtain Jey1(a) + £} (b) +y € ker(p} ;) = im(p? ;) and there exists ¢ € RR,-1 such that

0 1
y = Jey1(a) + f1(b) + p? ,(c). We conclude that (f“l p‘i 9 ) (a,b,c) = (z,y) and
19@+1 fz Do

. ; ¢ O
(g 3 42,) St tec 0) )

C TreeSolve algorithm

In this section, we discuss an algorithm TREESOLVE which efficiently solves linear systems of

equations where the coefficient matrix has the structure of the boundary matrix of a tree.

We will show that TREESOLVE solves such a linear system in linear time. It is based on the
following definition of a leaf-order, which allows for an iterative substitution of the solution
for edges connected to leaves in subgraphs. We call a vertex v in a tree T a leaf if it is
incident to at most one edge e, denoted by v < e. Note that every leaf in a tree with more
than one vertex has degree one.

» Definition 55 (Leaf-order). Let T be a tree graph on n vertices. We call an order vy, ..., v,
of the vertices of T a leaf-order if v; is a leaf of T\ {v1,...,v;-1} for alll <i<n.

A leaf-order can be found by the following routine.

Algorithm LEAFORDER (T = (V, E))
1. Initialize: deg: V — Ny, with deg(v) = 0 for all v € V, a queue Q = 0, and a list L = (J;
2. For all e = (u,v) € E, set deg(u) = deg(u) + 1 and deg(v) = deg(v) + 1;
3. For allv e V, if deg(v) <1 add v to Q;
4. While Q # 0 do
a. Take v from @ and set deg(v) = 0;
b. Add v to L;
c. Set deg(u) = max (deg(u) -1, O) for all u adjacent to v in T
d. If deg(u) = 1, for u adjacent to v, add u to @

» Proposition 56. For a tree T = (V, E) on n vertices, the algorithm LEAFORDER computes
a leaf-order L in O(n) time.

Proof. Step 2 of the algorithm obviously computes the degree deg(v) of v in the graph T for
all v € V. After Step 3 of the algorithm @ contains all leaves of T'. Since every non-empty
tree has a leaf, Q # (). At this point, either T was a single vertex and @ contains this single
vertex of degree zero, or deg(v) = 1 for all v € @ and, since T is connected, deg(v) > 1 for
all v € V'\ Q. The case where T is a single vertex is obvious. From now on assume that T
has at least two vertices. Let vy, ..., v, be the order stored in the list L. We now show by
induction on the iterations of step 4 that, before each iteration of step 4, () contains all leaves
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of T\ {v1,...,v;-1} and deg(u) equals the degree of the vertex w in T\ {vy,...,v;-1}. Before
the first iteration of step 4 this is true as argued above. Now suppose this is true before the

i-th iteration of step 4. In iteration 4, we remove the leaf v; of T'\ {v1,...,v;-1} from @, add
it to L, set deg(v;) = 0, and decrease the degree of every neighbor of v; in T'\ {v1,...,v;-1}
by one. Thus, deg(u) now equals the degree of every vertex w in T\ {vy,...,v;}. Let u

be a leaf of T'\ {v1,...,v;}. If u was not a leaf in T\ {v1,...,v;-1}, then its degree has
been reduced to one in iteration ¢ and u was added to Q). Otherwise, u was already a leaf
in T\ {v1,...,v;-1} and, thus, by assumption, it was already in . This proves the claim.
Since we add a leaf of T'\ {v1,...,v;-1} to L in each iteration L is a leaf-order of T

To initialize and compute deg of T, we need to process all vertices and edges of T' once.
Since a tree has n — 1 edges, this is clearly O(n). In the third step, we process all vertices
which is again O(n). Since each vertex is added and removed from @ exactly once there are
n iterations in step 4. If I'(v) denotes the set of neighbors of v, then the update of neighbor
degrees is O(>_, ¢y [T'(v)|) = O(|E|) = O(n). Hence, the overall worst case complexity is
O(n). <

The following algorithm TREESOLVE solves a linear system of equations Az = b, where A
is the boundary matrix of a tree T, in linear time by simply substituting the solution using a
leaf-order. Each column of A and row of x corresponds to an edge in T" and each row of A
and b corresponds to a vertex in T. The algorithm takes as input the tree T' = (V, E) and
the right-hand side b as a map b: V — F, representing the entries of the rows of b.

Algorithm TREESOLVE (T = (V, E),b: V — Fy)
1. Call LEAFORDER(T) to compute a leaf-order vy, ..., v, of T}
2. Initialize z: E — {L} UF3 by z(e) = L for all e € E;
3. Fori:=1ton—1do

a. Find e € E such that v; < e and z(e) = L;

b. Set z(e) = b(v;) + > z(e') (in Fa)

vi<e'Nxz(e’)#L

» Theorem 57. Let Ax = b be a system of linear equations such that b € im(A) and A is the
boundary matriz of a tree T on n vertices. The algorithm TREESOLVE computes a solution
of Az = b in O(n) time.

Proof. Let vq,...,v, be the leaf-order computed in step 1. By Definition 55 and Proposition
56, v; is a leaf of the tree T; := T\ {v1,...,v;-1}, obtained by iteratively removing the leaves
V1,...,0;-1 from T. For every 1 <i < mn — 1, the leaf v; is incident to a unique edge e; in T;
and removing the leaf v; from T; removes exactly the one edge e;. In step 2, we set x(e) == L
for all e € T meaning that the values on all edges are undetermined. Let A[v,:] denote the
row of A corresponding to the vertex v € T. Then, viewing x as a column vector, we get
A,z =30 cccpx(e).

We now show by induction on 4 that after each iteration of step 3, the set of edges
Eit1:=E(T;41) ={e€ E(T)|z(e) = L} and Afv;,:]x = b(v;). For i = 1, the vertex v; is a
leaf in T, there is exactly one edge e; incident to vy in T and z(e) = L for all e € E. The
algorithm picks e; and sets z(e;) = b(v1). Thus, we get Afvy,:]z = b(v1) and z(ey) # L.
Since T5 is obtained from T' = T} by removing the vertex v; and the edge e, we also get Fy =
{e € E(T)|xz(e) = L}. Suppose the statement is true for all ¢ = 1,...,k — 1. By assumption,
Ey ={e € E(T)|x(e) = L} before iteration k. Therefore, in iteration k, the algorithm picks
the unique edge ey, incident to the leaf vy in T}. Every other edge ¢’ incident to vy in T is

not in Ty anymore and thus, z(e¢’) # L. In step 3b, we set x(ey) = b(vy) + > x(e').
vp<e'Az(e’)#L
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Thus, after step 3b, we get Afvg,:Je = >, z(e) = > x(e') = b(vx). Moreover,
vp<e'€E vp<e'Az(e’)#L
x(ex) # L after step 3b implies Fy11 = {e € E(T)|x(e) = L}.

We conclude that Afv;,:Jx = b(v;) for all 1 <4 < n —1. We now show that the final
equation Afvy,,:]z = b(vy) is also satisfied. Let T=(1 --- 1) and0= (0 --- 0). Since
A has exactly two non-zero entries per column, we get 1A =" | Afv;,:] = 0. By assumption
b € im(A), thus, there exists a y such that Ay = b, which implies TAy = 0y = 0 = 1b. In
particular, 377" b(v;) = b(v,). Therefore, we obtain TAz = 327" Afvi, -]z + Afv,, ]z =
Z?;ll b(v;) + Alvp, ]z = b(v,) + Alvn, ]z = 0 and also the last equation is satisfied.

By Proposition 56, step 1 takes O(n) time. Step 2 obviously takes O(n) time. Using
an incidence list, checking the incident edges of all vertices and summing over all incident
edges of all vertices is O(}_,cy [I'(v)]) = O(|E|) = O(n). Therefore, in total, the worst-case
complexity is O(n). <

D Computing presentations of homology from PiReps

In this section, we discuss how to compute a presentation of the homology of a PiRep as in
Definition 18. We consider a chain complex segment

Q1«2 Qy+ 2~ (21)

where the @; are projective and the maps g; are represented by P-graded matrices. We start
by extending Q-1 <= Qo to an exact sequence of projective modules:

Q. 8 Qy 22 Uy «+2— . (22)

This can be done, for example, by using the algorithm? MAKEEXACT in [6]. Since, by
exactness ker(go) = im(ug), u; is a presentation of ker(gp). Since im(q1) C ker(go) we obtain
the following diagram:

Q1
qll \\\f (23)

~
~

u b u
0 +— ker(qo) +—— Uy +—— U,

where ug is an epimorphism. Therefore, by the lifting property of projective modules, we
get a lift s of ¢; along ug. This lift can be computed by solving a P-graded linear system,
as in Definition 9, using Proposition 10. We can interpret Uy and U; as the generators and
relations of the kernel and @), as the initial relations on )g. We now have all the ingredients
for a presentation of the homology. Let 7: ker(qg) — ker(qo)/im(g1) denote the projection
to the cokernel.

» Theorem 58. The following exact sequence:

()

T 0 U

Uy

0 «— ker(qo)/im(q1) U & @ (24)

is a presentation of the homology of (21).

2 The algorithm MAKEEXACT in [6] is formulated in terms of injective resolutions but in our setting the
projective case is completely dual.
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Proof. Since ug and 7 are epimorphisms, 7 o ug is also an epimorphism.

Since 7TO’U,()O(’U,1 s) = (7r OUyO U] T OUYO s) = (O mTo ql) = 0, we have im (u1 5) -
ker(m o ugp).

Let « € ker(m o ugp). Then 7o up(x) = 0 implies that there exists y € Q1 such that
uo(x) = q1(y) = uo o s(y). Since uo(z + s(y)) = 0 and & + s(y) € ker(ug) = im(wy),
there exists z € Uy such that z = u;(2) + s(y). We conclude that (u; s) (z,y) =z and
im (u1 s) = ker(m o uy). <

The presentation of Theorem 58 is not necessarily minimal. In [6], the authors also
discuss methods to minimize resolutions that can be used to minimize the presentation (24).
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